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Devwudfw

Wkhuh h{lvwv d frqwlqxxp ri sulfhv ehwzhhq Ehuwudqg dqg mrlqw0sur�w pd{lpl}dwlrq sulfhv

zklfk fdq eh lqwhusuhwhg dv wkh rxwfrph ri d wzr0vwdjh jdph zkhuh �upv �uvw lqyhvw wr lqfuhdvh

surgxfw gl�huhqwldwlrq dqg wkhq frpshwh lq sulfhv1 Wkh orzhu wkh frvwv ri gl�huhqwldwlqj wkhlu

surgxfwv iurp hdfk rwkhu wkh pruh uhod{hg frpshwlwlrq lq wkh surgxfw pdunhw dqg wkh forvhu

�upv zloo eh wr wkh frooxvlyh rxwfrph ri wkh rqh0vkrw jdph iru jlyhq ghjuhh ri gl�huhqwldwlrq1

Wkh kljkhu wkh frvwv wkh kduvkhu frpshwlwlrq lq wkh pdunhw dqg wkh forvhu wr wkh Ehuwudqg vr0

oxwlrq ri wkh rqh0vkrw jdph zlwk jlyhq ghjuhh ri gl�huhqwldwlrq1

MHO Fodvvl�fdwlrq qxpehu= O43

Nh|zrugv= Surgxfw gl�huhqwldwlrq/ roljrsro|
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Lq lqgxvwuldo rujdql}dwlrq wkh frqfhswv ri Ehuwudqg frpshwlwlrq/ Frxuqrw frpshwlwlrq dqg mrlqw

sur�w pd{lpl}dwlrq duh riwhq xvhg dv ehqfkpdun fdvhv zklfk lqglfdwh/ lq ghfuhdvlqj rughu/ wkh

wrxjkqhvv ri frpshwlwlrq lq wkh pdunhw1� Lq wklv qrwh/ zh dujxh wkdw wkhvh ehqfkpdun frqfhswv/

dv zhoo dv doo wkh srvvleoh lqwhuphgldwh fdvhv/ fdq eh lqwhusuhwhg dv rxwfrphv ri d wzr0vwdjh

jdph zkhuh �upv �uvw lqyhvw wr gl�huhqwldwh lwv surgxfw iurp wkh ulydo/ dqg wkhq frpshwh lq

sulfhv1 Wkh orzhu wkh lqyhvwphqw frvwv iru wkh �upv wkh kljkhu surgxfw gl�huhqwldwlrq dqg wkh

pruh uhod{hg sulfh frpshwlwlrq lq wkh surgxfw pdunhw1 Frqvlghu iru lqvwdqfh wkh fdvh zkhuh/

lq wkh devhqfh ri dq| lqyhvwphqw/ �upv zrxog vhoo krprjhqrxv jrrgv1 Li �upv fdq frvwohvvo|

gl�huhqwldwh wkhlu surgxfwv lq wkh �uvw vwdjh wkh| zloo eh deoh wr vhoo jrrgv zklfk duh shufhlyhg dv

lqghshqghqw/ dqg htxloleulxp sulfhv zloo eh lghqwlfdo wr wkrvh dulvlqj lq d vlwxdwlrq ri mrlqw sur�w

pd{lpl}dwlrq1 Dw wkh rwkhu h{wuhph/ li lqyhvwphqwv uhtxluh lq�qlwh frvwv/ �upv zloo eh xqdeoh

wr gl�huhqwldwh wkhlu surgxfwv dqg wkh rxwfrph ri wkh jdph zloo frlqflgh zlwk wkh Ehuwudqg

vroxwlrq ri wkh rqh0vkrw jdph1 Dq| lqwhuphgldwh fdvh/ lqfoxglqj Frxuqrw frpshwlwlrq/ fdq dulvh

dv wkh uhgxfhg irup ri wklv wzr0vwdjh jdph/ ghshqglqj rq wkh frvw ri lqyhvwlqj lq surgxfw

gl�huhqwldwlrq1

Wklv qrwh lv uhodwhg wr wkh olwhudwxuh zklfk lqwhusuhwv wkh prgh ri frpshwlwlrq lq wkh pdunhw

dv wkh uhvxow ri d ulfkhu jdph1 Wkh ehvw nqrzq h{dpsoh suredeo| olhv lq wkh zrun ri Nuhsv

dqg Vfkhlqnpdq +4<;6,/ zkr vkrz wkdw frpshwlwlrq lq txdqwlwlhv jlyhv wkh vdph rxwfrph dv d

prgho zkhuh �upv fkrrvh fdsdflwlhv dqg wkhq frpshwh lq sulfhv jlyhq wkh fdsdflw| frqvwudlqw

ghwhuplqhg e| wkh �uvw vwdjh fkrlfhv12

Nohpshuhu dqg Ph|hu +4<;<, frqvlghu d prgho zkhuh �upv fkrrvh d vxsso| ixqfwlrq +l1h1/ d

sulfh0txdqwlw| vfkhgxoh, xqghu ghpdqg xqfhuwdlqw|1 Gl�huhqw idfwruv pljkw d�hfw wkh vwhhsqhvv

ri wkh htxloleulxp vxsso| ixqfwlrqv1 Wkh vwhhshu +�dwwhu, wkhvh ixqfwlrqv duh wkh pruh vlplodu

wkh prgho lv wr wkh fdvh ri Frxuqrw +Ehuwudqg, frpshwlwlrq1�

D uhodwhg eudqfk ri wkh olwhudwxuh lqfoxghv g*Dvsuhprqw/ Grv Vdqwrv Ihuuhlud dqg Jhudug0

Yduhw +4<<4,/ zkr kdyh vkrzhg wkdw wkh Frxuqrw htxloleulxp fdq eh lqwhusuhwhg dv htxlydohqw
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wr d vlwxdwlrq zkhuh �upv fkrrvh txdqwlwlhv dqg sulfh vljqdov zklfk duh frqyhuwhg lq wkh pdunhw

sulfh e| d sulflqj vfkhph +vxfk dv wkh %plq0sulflqj%,1 Krow dqg Vfkh�pdq +4<;:, kdyh irxqg

wkdw wkh Frxuqrw htxloleulxp lv wkh uhvxow ri d jdph zkhuh sulfh fkdqjhv duh qrwl�hg lq dgydqfh

exw sulfh uhedwhv duh srvvleoh1

Wkh forvhvw zrunv wr wklv sdshu duh Ylyhv +4<;9, dqg Pdjjl +4<<9,1e Lq wkhlu sdshuv/ �upv

fkrrvh fdsdflw| lq wkh �uvw vwdjh ri wkh jdph exw wkh| fdq h{whqg rxwsxw eh|rqg fdsdflw| lq

wkh vhfrqg vwdjh ri wkh jdph dw dq dgglwlrqdo frvw1 Li wklv frvw lv surklelwlyh/ olnh lq Nuhsv dqg

Vfkhlqnpdq +4<;6,/ wkhq fdsdflw| fkrlfhv pdgh lq wkh �uvw vwdjh kdyh frpsohwh frpplwphqw

irufh dqg ixoo| frqvwudlq rxwsxwv lq wkh odvw vwdjh= wkh Frxuqrw uhvxow lv irxqg djdlq1 Dw wkh

rwkhu h{wuhph/ li lqfuhdvlqj rxwsxw eh|rqg fdsdflw| grhv qrw eulqj derxw dq| dgglwlrqdo frvw/

fdsdflw| ghflvlrqv gr qrw kdyh dq| frpplwphqw ydoxh dqg �upv fdq h{sdqg rxwsxw dw zloo lq

wkh odvw vwdjh= wkh rxwfrph zloo eh wkh vdph dv lq d Ehuwudqg prgho1 Ehwzhhq wkhvh wzr fdvhv/

d frqwlqxxp ri lqwhuphgldwh rxwfrphv lv irxqg dffruglqj wr wkh ghjuhh ri �h{lelolw| lq rxwsxwv1

Wkhuh h{lvwv d forvh olqn ehwzhhq wkhvh zrunv dqg wkh iudphzrun sursrvhg e| Nohpshuhu dqg

Ph|hu +4<;<,/ ehfdxvh wkh iruphu fdq eh vhhq dv rqh zkhuh �upv frpshwh lq vxsso| ixqfwlrqv

zkrvh vorsh lv ghwhuplqhg e| wkh h{rjhqrxvo| jlyhq �h{lelolw| frh�flhqw1

Rxu dssurdfk khuh lv uhplqlvfhqw ri zrun e| Ylyhv dqg Pdjjl lq dw ohdvw wzr uhvshfwv1 Iluvw/

ehfdxvh wkh vwuhqjwk ri frpshwlwlrq ghshqgv rq +�uvw0vwdjh, lqyhvwphqw ghflvlrqv1 Vhfrqg/

ehfdxvh d frqwlqxxp ri uhvxowv fdq eh rewdlqhg dv wkh frvw sdudphwhu fkdqjhv1 Krzhyhu/ zlwk

uhvshfw wr wkh �uvw srlqw lw vkrxog eh qrwhg wkdw wkh fuxfldo yduldeoh khuh lv qrw wkh delolw| ri wkh

�upv wr frpplw wr wkhlu fdsdflw| fkrlfhv exw udwkhu wkhlu delolw| wr fuhdwh surgxfw gl�huhqwldwlrq>

zlwk uhvshfw wr wkh vhfrqg srlqw/ d vxevwdqwldo gl�huhqfh h{lvwv ehfdxvh zh �qg wkdw doo wkh

lqwhuphgldwh fdvhv ehwzhhq Ehuwudqg sulflqj dqg mrlqw sur�w pd{lpl}dwlrq fdq eh irxqg dv

htxloleulxp vlwxdwlrqv1

Wklv qrwh lv dovr fohduo| uhodwhg wr d qxpehu ri rwkhu sdshuv zklfk kdyh vkhg oljkw rq wkh

idfw wkdw surgxfw gl�huhqwldwlrq uhod{hv sulfh frpshwlwlrqD1 Dowkrxjk wkhvh uhvxowv duh e| qrz

zhoo nqrzq/ lw lv rqo| idlu wr uhphpehu wkdw wkh edvlf lqvljkw ri wklv qrwh fdq eh irxqg lq

wkrvh zrunv1 Ixuwkhu/ Wluroh +4<;;/ ss1 54904:, kdv klqwhg dw d vlplodulw| ehwzhhq surgxfw

gl�huhqwldwlrq dqg fdsdflw| frqvwudlqwv lq d�hfwlqj wkh prgh ri frpshwlwlrq= _111zkhq fkrrvlqj
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d orfdwlrq/ �upv wu| wr gl�huhqwldwh wkhpvhoyhv iurp rwkhu �upv vr dv wr dyrlg wkh lqwhqvh

Ehuwudqg frpshwlwlrq dvvrfldwhg zlwk shuihfwo| vxevwlwxwdeoh surgxfwv +lq wkh vdph zd| wkdw

�upv ^11` dyrlg dffxpxodwlqj %wrr pxfk fdsdflw|% lq rughu wr vriwhq sulfh frpshwlwlrq,1% Ilqdoo|/

Nohpshuhu dqg Ph|hu +4<;<, kdg vkrzhg wkdw wkh kljkhu wkh ghjuhh ri surgxfw gl�huhqwldwlrq

wkh vwhhshu wkh htxloleulxp vxsso| ixqfwlrqv +zklfk lq wxuq pdnhv frpshwlwlrq uhvhpeoh wkh

Frxuqrw frpshwlwlrq fdvh,1

Wklv sdshu frqwlqxhv zlwk wkh ghvfulswlrq ri d vlpsoh olqhdu prgho dqg wkh dqdo|vlv ri wkh

uhvxowv lq vhfwlrq 51 Vhfwlrq 6 jhqhudolvhv wkh uhvxowv erwk rq wkh ghpdqg vlgh +e| frqvlghulqj

d zkroh fodvv ri ghpdqg ixqfwlrqv iru gl�huhqwldwhg surgxfwv, dqg rq wkh frvw vlgh1 Vhfwlrq 7

frqfoxghv wkh sdshu1

2 � t�4T*i 4L_i*

Frqvxphuv kdyh wkh iroorzlqj xwlolw| ixqfwlrq=

X @ d+t� . t�,� +e� j,+
t2�
5
.

t2�
5
,� jt�t� . }> d A 3> e A 5j � 3> l> m @ 4> 5> l 9@ m> +4,

zkhuh } lv dq rxwvlgh frpsrvlwh jrrg dqg t�> t� duh wkh txdqwlwlhv ri d gl�huhqwldwhg jrrg zkrvh

lqgxvwu| zh zdqw wr dqdo|}h1 Zh dvvxph wkdw �upv 4 dqg 5 duh wkh rqo| vhoohuv lq wklv lqgxvwu|1S

Uhvwulfwlrqv rq sdudphwhu ydoxhv hqvxuh wkdw ghpdqg kdv d srvlwlyh lqwhufhsw dqg wkdw wkh rzq

sulfh h�hfw lv vwurqjhu wkdq wkh furvv sulfh h�hfw1 Dowkrxjk qrw h{solflwo| zulwwhq lq wkh xwlolw|

ixqfwlrq deryh/ wkh vxevwlwxwlrq sdudphwhu j @ j+{�> {�, lv h{rjhqrxv wr frqvxphuv* fkrlfh exw

lv dq hqgrjhqrxv yduldeoh lq wkh prgho/ vlqfh lw lv ghwhuplqhg e| wkh lqyhvwphqwv {�> {� ri wkh

�upv lq d zd| zh vkdoo vshfli| ehorz1

Xwlolw| pd{lpl}dwlrq lpsolhv= s� @ d� +e� j,t� � jt� > iurp zklfk zh fdq zulwh wkh +gluhfw,

ghpdqg ixqfwlrqv dv=

t� @
d+e� 5j,� +e� j,s� . js�

e+e� 5j,
> l> m @ 4> 5> l 9@ m= +5,

Wkh ghjuhh ri surgxfw gl�huhqwldwlrq lq wklv prgho fdq eh lqgh{hg e| ++e � 5j,@j, 5 +3>4,1

Zkhq j whqgv wr 3 wkh jrrgv ehfrph lqghshqghqw/ dqg surgxfw gl�huhqwldwlrq lv wkh kljkhvw1 Dv
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j whqgv wr e@5/ jrrgv ehfrph shuihfw vxevwlwxwhv dqg surgxfw gl�huhqwldwlrq lv qlo1 Wkhvh ghpdqg

ixqfwlrqv kdyh wkh surshuw| wkdw djjuhjdwh ghpdqg lq wkh lqgxvwu| grhv qrw fkdqjh zkhq wkh

vxevwlwxwdelolw| sdudphwhu j ydulhv1 Wkhuhiruh/ lqyhvwphqwv e| wkh �upv zklfk ghfuhdvh wkh ydoxh

ri j lqfuhdvh gl�huhqwldwlrq ehwzhhq wkh surgxfwv exw gr qrw d�hfw wkh vl}h ri wkh pdunhw1.

Zh fdq qrz wxuq wr wkh jdph sod|hg e| wkh wzr �upv1 Lq wkh �uvw vwdjh/ �upv vlpxowdqhrxvo|

ghflgh rq wkhlu lqyhvwphqw ohyhov {�/ zklfk d�hfw wkh ydoxh ri wkh sdudphwhu j dv iroorzv=

j @ �j � {� � {� > +6,

zkhuh �j 5 +3> e@5, lv wkh h{0dqwh ghjuhh ri vxevwlwxwlrq ehwzhhq wkh surgxfwv1 Qrwh wkdw wkhuh

h{lvwv d frpsohwh srvlwlyh h{whuqdolw| lq lqyhvwphqwv* ohyhov1 Lq wklv prgho/ lqyhvwphqw e| d �up

rqo| lqfuhdvhv wkh ghjuhh ri surgxfw gl�huhqwldwlrq dqg wklv rqh lv htxdoo| ehqh�fldo wr erwk

�upv1 Wklv lv vlplodu wr zkdw zrxog kdsshq lq d Krwhoolqj krul}rqwdo surgxfw gl�huhqwldwlrq

prgho li d �up pryhg dorqj wkh olqh dzd| iurp lwv ulydo1H

Wkh frvw ri vxfk lqyhvwphqwv lv wkh vdph iru erwk �upv dqg lv jlyhq e| F+{�, @ +n{�
� ,@�/

zlwk � A 4 dqg n � 3=

Lq wkh vhfrqg vwdjh ri wkh jdph/ �upv vlpxowdqhrxvo| ghflgh rq wkhlu sulfh1 Zh dvvxph wkdw

wkh| kdyh +}hur, frqvwdqw pdujlqdo frvwv ri surgxfwlrq1

2�� �i?U�4@h! U@titG �ih|h@?_ @?_ �L�h?L|

Wr vroyh wkh prgho/ zh vwduw dv xvxdo iurp wkh odvw vwdjh ri wkh jdph/ zklfk zloo dovr jlyh wkh

ehqfkpdun Ehuwudqg vroxwlrq iru wkh fdvh zkhuh qr lqyhvwphqwv duh pdgh1

Ilupv* sur�wv duh jlyhq e| �� @ s�t�+s�> s�,= E| vxevwlwxwlqj wkh ghpdqg ixqfwlrqv jlyhq

deryh dqg pd{lpl}lqj zlwk uhvshfw wr s�/ rqh �qgv wkh IRFv= de� 5dj � 5+e� j,s� . js� @ 3=

Wkh odvw vwdjh uhdfwlrq ixqfwlrqv U�+s�, dqg U�+s�, duh ghslfwhg lq Iljxuh 41 Vwdelolw| dqg

xqltxhqhvv duh vdwlv�hg e| U�

� @ 5+e� j,@j A 4 A j@+5+e� j,, @ U�

� =
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Lw lv dovr hdv| wr yhuli| wkdw dq lqfuhdvh lq wkh ydoxh ri j udlvhv +orzhuv, wkh lqwhufhsw ri

U� +U�, dqg ghfuhdvhv +lqfuhdvhv, wkh vorsh ri U� +U�,1 Lq sduwlfxodu/ zkhq j lv forvh wr 3/ wkh

ehvw uhso| ixqfwlrq U� whqgv wr wkh yhuwlfdo olqh sdvvlqj dw +d@5> 3,/ zkhuhdv wkh ixqfwlrq U�

whqgv wr wkh krul}rqwdo olqh sdvvlqj dw +3> d@5,1 Wkh lqwhuvhfwlrq ri wkh ehvw uhso| ixqfwlrqv

pryhv wr s� @ s� @ d@51 Iru kljkhu ydoxhv ri j/ wkh fxuyhv vkliw dv lqglfdwhg deryh xqwlo wkh|

uhdfk wkh h{wuhph fdvh zkhuh j @ �j/ zkhuh U� +U�, phhwv wkh krul}rqwdo +yhuwlfdo, d{lv lq

d+e� 5�j,@+5+e� �j,,=

Wkh odvw vwdjh Qdvk htxloleulxp sulfhv dqg sur�wv duh jlyhq e|=b

sW� @
d+e� 5j,

5e� 6j
> �W

� @
d2+e� 5j,+e� j,

e+5e� 6j,2
> +7,

zkhuh j @ �j�{��{� 1 Iru wkh vshfl�f fdvh zkhuh qr lqyhvwphqwv duh pdgh/ wkh vroxwlrqv deryh

jlyh wkh ehqfkpdun Ehuwudqg fdvh diwhu vxevwlwxwlrq ri j @ �j= Wkhuhiruh/ wkh Ehuwudqg sulfh lv=

s� @ +d+e� 5�j,,@+5e� 6�j,=

Qrwh dovr wkdw zh duh xvlqj wkh whup %Ehuwudqg% lq d eurdg vhqvh/ wkdw lv wr lqglfdwh wkh

rxwfrph ri sulfh frpshwlwlrq iru dq| jlyhq ydoxhv ri �j dqg e/ dqg wkhuhiruh iru dq| jlyhq h{0dqwh

ghjuhh ri surgxfw gl�huhqwldwlrq1 Wkh vwdqgdug Ehuwudqg rxwfrph zrxog fruuhvsrqg wr wkh

sduwlfxodu fdvh zkhuh e $ 5j1 Lq wklv fdvh/ jrrgv duh krprjhqhrxv dqg sulfhv whqg wr }hur dw

htxloleulxp1

Wkh Frxuqrw vroxwlrq iru dq| jlyhq ydoxhv ri sdudphwhuv �j dqg e fdq dovr hdvlo| eh irxqg

e| xvlqj wkh lqyhuvh ghpdqg ixqfwlrqv jlyhq deryh dqg pd{lpl}lqj zlwk uhvshfw wr t�1 Wkh

htxloleulxp sulfhv dqg sur�wv iru j @ �j duh=

s� @
d+e� �j,

5e� �j
> �� @

d2+e� �j,

+5e� �j,2
= +8,

Qrwh wkdw iru wkh fdvh ri krprjhqrxv jrrg +e$ 5j,/ wkh vroxwlrqv deryh whqg wr wkh idploldu

h{suhvvlrqv sS @ d@6 dqg �S @ d2@+<e,=

Ilqdoo|/ wkh odvw ehqfkpdun fdvh/ uhsuhvhqwhg e| wkh mrlqw0sur�w pd{lpl}dwlrq lv jlyhq e|=

s� @ d@5 dqg �� @ d2@+7e,=

b
5iUL?_ Lh_ih UL?_�|�L?t @hi t@|�t�i_�
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2�2 A�i �?�it|4i?| }@4i

Dw wkh �uvw vwdjh ri wkh jdph/ �upv pd{lpl}h wkhlu sur�w ��+{�> {�, @ �W

� +{�> {�, � F+{�,=

Uhsodflqj �W

� dqg F�/ uhfdoolqj wkdw j @ �j � {� � {� dqg wdnlqj �uvw ghulydwlyhv jlyhv wkh

iroorzlqj �uvw rughu frqglwlrqv=

C��
C{�

@
d2+�j � {� � {�,

+5e� 6�j . 6{� . 6{�,�
� n{�3�

� @ 3= +9,

Wkhvh h{suhvvlrqv lpsolflwo| gh�qh wkh �uvw0vwdjh uhdfwlrq ixqfwlrqv u�+{�, dqg u�+{�,1 E| gli0

ihuhqwldwlqj zh fdq �qg wkh vorshv u�� dqg u�� lq wkh sodqh +{�> {�, dv=

u�� @
g{�
g{�

m-�
@ �

4 . +n@d2,{�3�

� I2+< . ++� � 4,I@{�,,

4 . <+n@d2,{�3�

� I 2
> +:,

u�� @
g{�
g{�

m-�
@ �

4 . <+n@d2,{�3�

� I2

4 . +n@d2,{�3�

� I 2+< . ++� � 4,I@{�,,
> +;,

zkhuh I � 5e� 6�j . 6{� . 6{� =

Erwk uhdfwlrq ixqfwlrqv duh qhjdwlyho| vorshg �f dqg iru n A 3 zh kdyh u�� A 4 A u�� > zklfk

jxdudqwhhv vwdelolw| dqg xqltxhqhvv1 Iljxuh 5 r�huv d judsklfdo uhsuhvhqwdwlrq ri wkh uhdfwlrq

ixqfwlrqv ri wkh �uvw vwdjh ri wkh jdph1 Wr gudz wkh slfwxuh/ zh kdyh dovr pdgh xvh ri wkh

idfwv wkdw u� sdvvhv wkurxjk wkh srlqw +3> �j,/ wkdw u� sdvvhv wkurxjk +�j> 3,/ dqg wkdw u� @ u� iru

{� @ {� =

Lw lv vwudljkwiruzdug wr fkhfn wkdw
_o�

�

_&
A 3 dqg wkdw

_o�

�

_&
? 31 Wklv h�hfw lv looxvwudwhg lq

Iljxuh 51 Zkhq wkh h�flhqf| ri wkh lqyhvwphqw ghfuhdvhv +wkdw lv/ zkhq lw lv pruh frvwo| wr

gl�huhqwldwh, wkh lqwhuvhfwlrq ri wkh uhdfwlrq ixqfwlrqv pryh dorqj wkh gldjrqdo wrzdugv wkh

ruljlq dqg wkh �upv zloo vhohfw d orzhu ohyho ri lqyhvwphqw dw htxloleulxp +{�> {� zloo ghfuhdvh,1

Wklv lpsolhv wkdw wkh ghjuhh ri surgxfw gl�huhqwldwlrq ghfuhdvhv +j ulvhv, zklfk lq wxuq orzhuv

sulfhv dw wkh odvw vwdjh ri wkh jdph +vhh Iljxuh 4,1

Qrwh zkdw kdsshqv iru h{wuhph ydoxhv wdnhq e| wkh sdudphwhu n1 Zkhq n @ 3 erwk uhdfwlrq

ixqfwlrqv froodsvh wr wkh vdph fxuyh kdylqj vorsh �41 Dv d uhvxow/ htxloleulxp lq wkh lqyhvwphqw

vwdjh lv jlyhq e| doo wkh srlqwv {�> {� vxfk wkdw {� @ �j � {�> zkhqfh wkh h{0srvw vxevwlwxwlrq

sdudphwhu lv jlyhq e| j @ �j � {� � +�j � {�, @ 3= Zh nqrz iurp wkh dqdo|vlv ri wkh odvw vwdjh

uhdfwlrq ixqfwlrqv wkdw wklv hqwdlov wkh htxloleulxp sulfh s� @ s� @ s� @ d@5= Wklv dprxqwv wr

�fA�ihiuLhic �?�it|4i?|t @hi t|h@|i}�U t�Mt|�|�|itc ��ihi@t Th�Uit @hi t|h@|i}�U UL4T*i4i?|t�
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vd|lqj wkdw zkhq �upv fdq frvwohvv| gl�huhqwldwh wkhlu surgxfw iurp hdfk rwkhu/ wkh| zloo vhohfw

wkh kljkhvw ghjuhh ri gl�huhqwldwlrq dqg wkh| zloo pdqdjh wr jhw wkh vdph sur�w wkdw wkh| zrxog

jhw li wkh| frxog frooxgh1

Dw wkh rwkhu h{wuhph/ zkhq n $ 4/ erwk �uvw vwdjh uhdfwlrq ixqfwlrqv u� dqg u� urwdwh

lqzdugv wrzdug wkh ruljlq vr wkdw u� ehfrphv yhuwlfdo dqg u� krul}rqwdo1 Wkhlu lqwhuvhfwlrq whqgv

wr {� @ {� @ 3 vr wkdw j @ �j= Wklv zloo uhvxow lq wkh odvw vwdjh uhdfwlrq ixqfwlrqv lqwhuvhfwlqj

dw wkh srlqw s� @ s� @ s� @ +d+e � 5�j,,@+5e� 6�j,= Djdlq/ wkh lqwxlwlrq lv reylrxv= li �upv duh

lq�qlwho| lqh�flhqw lq wkhlu lqyhvwphqwv/ wkh| zloo qrw eh deoh wr lqfuhdvh surgxfw gl�huhqwldwlrq

lq wkh lqgxvwu| eh|rqg lwv h{0dqwh ohyho dqg wkh htxloleulxp sulfh ri wkh zkroh jdph zloo frlqflgh

zlwk wkh Ehuwudqg sulfh1��

Zh kdyh wkhuhiruh hvwdeolvkhg d uhodwlrqvkls ehwzhhq n/ { +zklfk xqltxho| ghwhuplqhv j,

dqg s zklfk lv vxppdulvhg e| Iljxuh 61 Dq| sulfh rxwfrph dw wkh odvw vwdjh ri wkh jdph fdq

wkhuhiruh eh lqwhusuhwhg dv li lw zhuh ghwhuplqhg e| d fhuwdlq lqyhvwphqw frvw sdudphwhu1 Dv dq

h{dpsoh/ frqvlghu wkh Frxuqrw rxwfrph1 Wr �qg wkh ohyho ri wkh frvw sdudphwhu n zklfk zrxog

eulqj derxw d Frxuqrw sulfh dw wkh htxloleulxp ri wkh zkroh jdph surfhhg lq wzr vwhsv1 Iluvw/

�qg wkh lqyhvwphqw ydoxhv {� zklfk vdwlv�hv sW+{�> {�, @ s� 1 Vhfrqg/ orrn iru wkh sdudphwhu nS

zklfk vroyhv wkh IRFv ri wkh �uvw vwdjh/ qdpho|= YZ�
Y%�

+n> {� > {�, @ 3=�2 Wkh �uvw vwhs dprxqwv

wr vroylqj=
d+e� 5�j . 7{,

5e� 6�j . 9{
@

d+e� �j,

5e� �j
= +<,

Vrph dojheud vkrzv wkdw wkh uhvxow lv jlyhq e|=

{� @
�j2

5+e. �j,
= +43,

Wkh vhfrqg vwhs ri wkh sureohp lqyroyhv vroylqj wkh iroorzlqj htxdwlrq=

d2+�j � 5{�,

+5e� 6�j . 9{�,�
� n{�3�� @ 3= +44,

E| uhsodflqj wkh ydoxh ri {� dqg uhduudqjlqj rqh rewdlqv=

n� @
d2�j�32�+e. �j,�

e2+5e� �j,�+5+e. j,,23�
= +45,

��+iU@** �i �ti |�i ��ih|h@?_� |ih4 �? @ MhL@_ ti?ti� �?*) �u }LL_t @hi i �@?|i �L4L}i?L�tc |�@| �t �u K< 27}c
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Lq wklv vhfwlrq zh nhhs wkh vdph prgholqj vwuxfwxuh dv lq wkh suhylrxv h{dpsoh exw zh jhqhudolvh

wkh dqdo|vlv wr d v|vwhp ri ghpdqg ixqfwlrqv zklfk duh qrw qhfhvvdulo| olqhdu/ dqg wr d fodvv ri

ixqfwlrqv zklfk ghvfuleh wkh frvw ri lqfuhdvlqj surgxfw gl�huhqwldwlrq1

Frqvlghu wkh iroorzlqj v|vwhp ri ghpdqg ixqfwlrqv iru gl�huhqwldwhg surgxfwv=

t� @ t�+s�> s� > j, l> m @ 4> 5 l 9@ m +46,

zkhuh t� lv wkh txdqwlw| ghpdqghg/ s�/ s� duh sulfhv dqg j d sdudphwhu zklfk gh�qhv wkh

ghjuhh ri vxevwlwxwdelolw| ehwzhhq wkh wzr jrrgv/ zlwk j 5 ^j> j` ��1 Wkh iroorzlqj dvvxpswlrqv

fkdudfwhulvh wkh uhvwulfwlrqv rq wkh ghpdqg v|vwhp=

+D4, t�� @
Ct�

Cs�
? 3 t

�

� @
Ct�

Cs�
A 3 m t�� m�m t

�

� m

+D5, t
}

� @
Ct�

Cj
� 3 t

}}

� @
C2t�

Cj2
� 3

+D6, t
�}

� @
C2t�

Cs�Cj
? 3 t

�}

� @
C2t�

Cs�Cj
A 3

+D7, t��� @
C2t�

Cs2�
� 3 t

��

� @
C2t�

Cs�Cs�
� 3 m t��� m�m t��� m

+D8, Li s� @ s� > wkhq t� @ t� t�� @ t
�

� t��� @ t
��

� t
}

� @ t
}

� t
�}

� @ t
�}

� t
}}

� @ t
}}

�

Khqfh/ D4 gh�qhv wkh surgxfwv dv vxevwlwxwhv/ D5 uhihuv wr wkh ghjuhh ri vxevwlwxwdelolw|/

D6 jxdudqwhhv wkdw htxloleulxp sulfhv ulvh zlwk surgxfw gl�huhqwldwlrq/ D7 lv uhohydqw iru wkh

frqfdylw| ri wkh ghpdqg dqg sur�w ixqfwlrq dqg lpsolhv wkdw wkh sulfh jdph lv lq vwudwhjlf

frpsohphqwv> �qdoo|/ D8 lpsrvhv v|pphwu| rq wkh ghpdqg v|vwhp�e1
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Li zh dvvxph }hur +frqvwdqw, pdujlqdo frvw/ wkh sur�w ixqfwlrq lv=

�� @ s�t�+s�> s� > j,

Wkh Qdvk htxloleulxp lq sulfhv/ +sW� > s
W

�,/ lv lpsolflwo| gh�qhg e| ��
�+s

W

� > s
W

� , @ 3>��

�+s
W

� > s
W

� , @ 3>

wkh vhfrqg rughu frqglwlrqv krog jlyhq D71 Ilup l*v uhdfwlrq ixqfwlrq kdv d vorsh gs�@gs� @

����
� @�

��

� A 3/ e| D7 +surgxfwv duh vwudwhjlf frpsohphqwv,1 Pruhryhu/ iurp D4 dqg D7 lw fdq

eh hdvlo| hvwdeolvkhg wkdw ���
� @ 5t�� .s�t

��
� ? 3 dqg ���

� @ t�� .s�t
��

� A 31 Wkhuhiruh m ���
� mAm ���

� m

dqg wkh uhdfwlrq ixqfwlrqv duh frqwudfwlrq pdsslqjv hqvxulqj xqltxhqhvv1 Ilqdoo|/ jlyhq D8/ wkh

xqltxh htxloleulxp lv v|pphwulf1

Frqvlghu qrz wkh h�hfwv ri d yduldwlrq lq j rq wkh htxloleulxp sulfhv1 Wrwdoo| gl�huhqwldwlqj

wkh �uvw rughu frqglwlrq iru d Qdvk htxloleulxp zh jhw/ xvlqj wkh suhylrxv qrwdwlrq iru sduwldo

ghulydwlyhv=

���
� gs� .���

� gs� .��}

� gj @ 3 +47,

���

� gs� .���

� gs� .��}

� gj @ 3 +48,

Frpsdudwlyh vwdwlfv ri wkh htxloleulxp sulfhv fdq eh shuiruphg e| hydoxdwlqj

gsW�
gj

@ �
��}

� �
��

� ����

� �
�}

�

���
� �

��

� ����

� �
��

�

@ �
��}

�

���
� .���

�

? 3 +49,

xvlqj v|pphwu| +D8,/ wkh idfw wkdw rzq h�hfwv duh vwurqjhu wkdq furvv h�hfwv +D4 dqg D7, dqg

ehlqj ��}

� @ t}� .s�t
�}

� ? 3 jlyhq D5 dqg D61 Khqfh/ dq lqfuhdvh lq surgxfw vxevwlwxwdelolw| +j %,

uhgxfhv htxloleulxp sulfhv +dqg ylfh yhuvd,1

Gl�huhqwldwlqj wkh htxloleulxp sur�wv zlwk uhvshfw wr j dqg xvlqj wkh hqyhorsh wkhruhp zh

rewdlq

g��

gj
@

C��

Cj
.

C��

Cs�

CsW�
Cj

@ s�t
}

� . t�s
W}

� . s�t
�

� s
W}

� ? 3 +4:,

Khqfh/ wkh htxloleulxp sur�wv duh ghfuhdvlqj lq wkh ghjuhh ri vxevwlwxwdelolw|1

Zh fdq qrz wxuq wr wkh �uvw vwdjh lq zklfk wkh ghjuhh ri vxevwlwxwdelolw| lv fkrvhq e| �upv

wkurxjk d vxqn lqyhvwphqw {�1 Lq olqh zlwk wkh v|pphwulf ihdwxuh ri gl�huhqwldwlrq ri rxu prgho/

zh dvvxph wkdw wkh lqyhvwphqw ri erwk �upv frqwulexwh htxdoo| wr ghwhuplqh wkh ryhudoo ghjuhh

ri gl�huhqwldwlrq1 Khqfh/ j @ j+{� . {�, zlwk j+3, @ j dqg j� ? 3> dv lq vhfwlrq 5/ li qr �up

<



lqyhvwv wkh ghjuhh ri vxevwlwxwdelolw| lv vhw dw wkh kljkhvw +h{0dqwh, ohyho/ zkloh lqyhvwlqj erwk

�upv duh deoh wr lqfuhdvh gl�huhqwldwlrq/ zlwk d frpsohwh h{whuqdolw|1 Wkh frvw ri wkh lqyhvwphqw

lv F� @ F+{�> �, zkhuh � lv d sdudphwhu wkdw lqfuhdvhv wkh pdujlqdo frvw ri wkh lqyhvwphqw1 Zh

dvvxph

+D:, F%
� A 3 F%%

� A 3 F
%�
� A 3 F�+3, @ F%

� +3, @ 3

Wkh vxejdph shuihfw htxloleulxp lq wkh �uvw vwdjh jdph uhtxluhv

g��

gj

Cj

C{�
�

CF�

C{�
@ 3 +4;,

Wkh frpsdudwlyh vwdwlfv ri wkh htxloleulxp lqyhvwphqw {W� zlwk uhvshfw wr sdudphwhu � fdq

eh vwxglhg wrwdoo| gl�huhqwldwlqj wkh v|vwhp ri �uvw rughu frqglwlrqv dqg rewdlqlqj=

g{W�
g�

@
F%%
�

5+j%,2+_
2��

_}2
,�F%%

�

= +4<,

D vx�flhqw frqglwlrq iru wklv h{suhvvlrq wr eh qhjdwlyh lv wkdw htxloleulxp sur�wv duh frqfdyh

lq j= _2��

_}2
? 31 Wklv vhhpv d uhdvrqdeoh dvvxpswlrq/ dv lw dprxqwv wr vd|lqj wkdw wkh pdujlqdo

lpsdfw ri dq lqyhvwphqw lq surgxfw gl�huhqwldwlrq lv wkh vpdoohu wkh pruh gl�huhqwldwhg surgxfwv

duh douhdg|1�D

Dqrwkhu vx�flhqw frqglwlrq iru
_%W

�

_�
? 3 frxog eh h{suhvvhg e| uhtxlulqj wkdw frvwv duh

%frqyh{ hqrxjk%/ vr dv wr jxdudqwhh wkdw wkh ghqrplqdwru ri wkh deryh h{suhvvlrq eh qhjdwlyh1

Hlwkhu ri wkhvh frqglwlrqv lv hqrxjk wr jxdudqwhh wkdw dv wkh pdujlqdo frvw ri gl�huhqwldwlrq

� lqfuhdvhv/ wkh htxloleulxp lqyhvwphqw {W� ghfuhdvhv dqg wkh vxevwlwxwdelolw| j ehwzhhq surgxfwv

ulvhv1 Doorzlqj iru d vx�flhqwo| zlgh udqjh ri ydoxhv ri sdudphwhu � zh fdq wkhuhiruh rewdlq

dq| ydoxh ri j lq htxloleulxp/ uhsolfdwlqj wkh htxloleulxp sulfhv iurp wkh qrq0frrshudwlyh Qdvk
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htxloleulxp zlwk wkh h{0dqwh j wr wkh rqh fruuhvsrqglqj wr ixoo frooxvlyh sulfhv/ h{dfwo| dv

vkrzhg lq wkh h{dpsoh vwxglhg lq vhfwlrq 51 Qrwlfh wkdw wkh htxloleulxp sur�wv iroorz wkh

vdph sdwwhuq dv wkh htxloleulxp sulfhv/ idoolqj dv surgxfwv ehfrph pruh vlplodu= wkhuhiruh/

vkliwlqj � zh zrxog eh deoh wr uhsolfdwh dovr wkh sdwwhuq ri htxloleulxp sur�wv fruuhvsrqglqj

wr gl�huhqw ghjuhhv ri frpshwlwlrq +Ehuwudqg/ Frxuqrw/ frooxvlrq/ hwf1,1 Krzhyhu/ lq jhqhudo zh

fdqqrw uhsolfdwh wkurxjk d vlqjoh sdudphwhu � wkh ryhudoo pdunhw frq�jxudwlrqv +sulfh/ txdqwlw|/

sur�wv, dvvrfldwhg zlwk gl�huhqw htxloleuld +sulfh ru txdqwlw| vhwwlqj/ frooxvlrq/ hwf1,1 Lq rughu

wr gr wkdw/ zh qhhg wr uhgxfh wkh glphqvlrqv ri wkh sureohp= li t
}

� @ 3/ dv rffxuv lq wkh

olqhdu h{dpsoh ri vhfwlrq 5/ wkh wrwdo dqg lqglylgxdo txdqwlw| iru jlyhq sulfhv gr qrw fkdqjh

zkhq wkh ghjuhh ri vxevwlwxwdelolw| ydulhv/ dowkrxjk wkh hodvwlflw| ri ghpdqg grhv ydu|1 Lq wklv

fdvh wkh htxloleulxp txdqwlw| lv dozd|v wkh vdph dqg d vlqjoh sdudphwhu � lv vx�flhqw wr pds

wkh pdujlqdo frvw ri gl�huhqwldwlrq lqwr gl�huhqw htxloleulxp pdunhw rxwfrphv/ e| uhsolfdwlqj

h{dfwo| sulfhv/ txdqwlwlhv dqg sur�wv ri wkh rqh0vkrw jdph zlwk jlyhq surgxfw gl�huhqwldwlrq +dv

lq vhfwlrq 5 h{dpsoh,1

e �L?U*�t�L?t

Wkh h{whqw wr zklfk �upv fdq gl�huhqwldwh wkhlu surgxfwv +ru fkrrvh d orfdwlrq dzd| iurp hdfk

rwkhu, ghwhuplqhv wkh wrxjkqhvv ri sulfh frpshwlwlrq dw wkh odvw vwdjh ri wkh jdph/ lq pxfk wkh

vdph zd| dv wkh ghjuhh ri frpplwphqwv rq fdsdflw| ghwhuplqhg wkh prgh ri frpshwlwlrq lq

Ylyhv +4<;9, dqg Pdjjl +4<<9,1 Lq wkrvh sdshuv/ lw lv wkh frvw ri surgxflqj deryh fdsdflw| zklfk

lv fuxfldo lq ghwhuplqlqj wkh prgh ri frpshwlwlrq1 Wkh orzhu wkh sdudphwhu zklfk phdvxuhv

wkdw frvw wkh orzhu wkh frpplwphqw ydoxh ri fdsdflwlhv fkrvhq lq wkh �uvw shulrg dqg lq wxuq

wkh forvhu wkh sulfhv wr wkh Ehuwudqg vroxwlrq1 Vxfk d sdudphwhu ghwhuplqhv d frqwlqxxp ri

vlwxdwlrqv zklfk duh lqwhuphgldwh fdvhv ehwzhhq Ehuwudqg dqg Frxuqrw1

Lq wkh suhvhqw sdshu/ lw lv wkh frvw ri surgxfw gl�huhqwldwlrq zklfk ghwhuplqhv wkh prgh ri

frpshwlwlrq dw wkh odvw vwdjh ri wkh jdph1 Ilupv fdq lqyhvw wr lqfuhdvh wkh ghjuhh ri gl�huhqwld0

wlrq ehwzhhq wkhlu surgxfwv/ wr uhod{ sulfh frpshwlwlrq zklfk rffxuv lq d odwhu vwdjh1 Wkh orzhu

wkh frvw ri wkhvh lqyhvwphqwv wkh forvhu wkh �upv zloo eh wr wkh rxwfrph ri d rqh0vkrw jdph

zkhuh �upv pd{lplvl}h wkhlu mrlqw sur�wv1 Wkh kljkhu wkh lqyhvwphqw frvwv/ wkh forvhu wkh| zloo

eh wr wkh rxwfrph ri d rqh0vkrw jdph zkhuh wkh| fkrrvh sulfhv +dqg vhoo surgxfwv zkrvh ghjuhh

44



ri gl�huhqwldwlrq lv h{rjhqrxvo| jlyhq,1 Wkhuh h{lvwv d frqwlqxxp ri vroxwlrqv ehwzhhq Ehuwudqg

sulflqj dqg mrlqw sur�w pd{lpl}dwlrq sulflqj wkdw fdq eh dvvrfldwhg wr wkh frvw ri lqyhvwlqj lq

surgxfw gl�huhqwldwlrq1

+iuihi?Uit

g*Dvsuhprqw Fodxgh/ Mhdq M1 Jdev}hzlf} dqg Mdftxhv0Iudq�frlv Wklvvh +4<:<,/ _Rq Krwhoolqj*v

Vwdelolw| lq Frpshwlwlrq%/ Hfrqrphwulfd/ 4:/ 4478044841

g*Dvsuhprqw Fodxgh/ Urgroskh Grv Vdqwrv Ihuuhlud dqg Orxlv0Dqgu�h Jhudug0Yduhw +4<<4, _Sulf0

lqj vfkhphv dqg Frxuqrwldq htxloleuld%/ Dphulfdq Hfrqrplf Uhylhz/ 4;/ 99909:61

Gl{rq Kxz +4<;8, _Vwudwhjlf lqyhvwphqw lq dq lqgxvwu| zlwk d frpshwlwlyh surgxfw pdunhw%/

Mrxuqdo ri Lqgxvwuldo Hfrqrplfv/ 66/ 7;607<<1

Judqw Vlprq dqg Mrkq Txljjlq +4<<9,/ _Fdslwdo suhfrpplwphqw dqg frpshwlwlrq lq vxsso|

vfkhgxohv%/ Mrxuqdo ri Lqgxvwuldo Hfrqrplfv/ 77/ 75:07741

Krow Fkduohv D1 dqg Gdylg W1 Vfkh�pdq +4<;:,/ _Idflolwdwlqj sudfwlfhv= Wkh h�hfwv ri dgydqfh

qrwlfh dqg ehvw0sulfh srolflhv%/ Udqg Mrxuqdo ri Hfrqrplfv/ 4;/ 4;:04<:1

Nohpshuhu Sdxo G1 dqg Pdujduhw D1 Ph|hu +4<;<,/ _Vxsso| ixqfwlrq htxloleuld lq roljrsro|

xqghu xqfhuwdlqw|%/ Hfrqrphwulfd/ 8:/ 4576045::1

Nuhsv Gdylg dqg Mrv�h D1 Vfkhlqnpdq +4<;6,/ _Txdqwlw| suhfrpplwphqw dqg Ehuwudqg frpsh0

wlwlrq |lhog Frxuqrw rxwfrphv%/ Ehoo Mrxuqdo ri Hfrqrplfv/ 47/ 659066:1

Odxvvho/ Glglhu +4<<5,/ _Vwudwhjlf frpphufldo srolf| uhylvlwhg= D vxsso|0ixqfwlrq htxloleulxp

prgho%/ Dphulfdq Hfrqrplf Uhylhz/ ;5/ ;70<<1

Pdjjl Jlrydqql +4<<9,/ _Vwudwhjlf wudgh srolflhv zlwk hqgrjhqrxv prgh ri frpshwlwlrq%/ Dphu0

lfdq Hfrqrplf Uhylhz/ ;9/ 56:058;1

Vkdnhg Dyqhu dqg Mrkq Vxwwrq +4<;5,/ _Uhod{lqj Sulfh Frpshwlwlrq wkurxjk Surgxfw Gl�hu0

hqwldwlrq%/ Uhylhz ri Hfrqrplf Vwxglhv/ 7</ 60461

Vxwwrq Mrkq +4<<4, Vxqn Frvwv dqg Pdunhw Vwuxfwxuh/ Fdpeulgjh/ PD1= PLW Suhvv1

Wluroh Mhdq +4<;;,/ _Wkh wkhru| ri lqgxvwuldo rujdql}dwlrq%/ Fdpeulgjh/ PD1= PLW Suhvv1

45



Ylyhv [dylhu +4<;9, _Frpplwphqw/ �h{lelolw| dqg pdunhw rxwfrphv%/ Lqwhuqdwlrqdo Mrxuqdo ri

Lqgxvwuldo Rujdql}dwlrq/ 7/ 54:055<1
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Wr vhh wkh frqglwlrqv iru wkh frqfdylw| ri wkh htxloleulxp sur�wv zlwk uhvshfw wr j> gl�huhq0
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zklfk fdqqrw eh vljqhg xvlqj wkh dvvxpswlrqv deryh1 Vx�flhqw frqglwlrqv iru wkh frqfdylw|

ri wkh sur�w ixqfwlrq uhtxluh wkhuhiruh wr ixuwkhu dvvxph wkdw=
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Li D9 krogv/ wkhq wkh htxloleulxp sulfh dqg wkh sur�w ixqfwlrq duh frqfdyh lq j1
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Fig. 1 - Last stage reaction functions R i  and Rj .
             Equilibrium prices are comprised bewteen p B and p M  
             according to the value of g.
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Fig. 2 - First stage reaction functions r i and r j .
             Equilibrium investments x i and x j are the images of the locus OA .



Fig. 3 - When k changes, this modifies investment values X and hence “ex-post
differentiation” g. In turn, this modifies equilibrium prices.
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