INNOCENZO
GASPARINI
INSTITUTE
FOR

ECONOMIC
RESEARCH

Institutional Members: CEPR, NBER and Universita Bocconi

WORKING PAPER SERIES

Signed Integral Representations of

Comonotonic Additive Functionals
Simone Cerreia-Vioglio, Fabio Maccheroni, Massimo Marinacci
and Luigi Montrucchio

Working Paper n. 366

This Version: June 2010

IGIER — Universita Bocconi, Via Guglielmo Réntgen 1, 20136 Milano —ltaly
http://www.igier.unibocconi.it

The opinions expressed in the working papers are those of the authors alone, and not those of the Institute,
which takes non institutional policy position, nor those of CEPR, NBER or Universita Bocconi.



Signed Integral Representations

of Comonotonic Additive Functionals

Simone Cerreia-Vioglio® Fabio Maccheroni® Massimo Marinacci® Luigi Montrucchio®

a . N .
Universita Bocconi

bCollegio Carlo Alberto, Universita di Torino

June 2010

Abstract

We establish integral representation results for suitably pointwise continuous and comonotonic addi-
tive functionals of bounded variation defined on Stone lattices.
2000 Mathematics Subject Classification: Primary 28A12, 28A25, 46(GG12; Secondary 91B06.

1 Introduction

In the past twenty years and after the seminal papers of Schmeidler [19] and Artzner, Delbaen, Eber and
Heath [4], Choquet integrals played an important role in Mathematical Economics and Finance. Two different
frameworks are typically used in these fields. The first, introduced by Schmeidler [18] and [19], adopts as
function space the space B (X) of bounded measurable functions where ¥ is an algebra. This approach is
particularly well suited for Decision Theory. The second approach, studied by Zhou [20] and [21], relies on
a Stone vector lattice L. A particular case of Stone vector lattice is the space C (S) of continuous functions
over a compact space S: a more familiar setting in the theory of integral representations. The purpose of

this paper is threefold:

(i) to provide a unified treatment that encompasses these two different settings, B (X) and C (.S). This is
achieved by considering Stone lattices with suitable density properties in a vector lattice of bounded

functions. This notion allows us to use techniques from both frameworks which we combine and extend;

(ii) to extend Choquet integral representations from monotone set functions, often called capacities, to
general, not necessarily monotone, set functions. Besides the mathematical interest of our exercise,

nonmonotone Choquet integrals are of interest in applications (see, e.g., [8]);

(iii) to provide a genuine version of the Daniell-Stone theorem (see, e.g., [9, Chapter 4] and [17, Chapter

16]) for comonotonic additive functionals defined on a Stone vector lattice.

Our main results are Theorem 13 and Theorem 22. Theorem 13 shows that a functional V' : L — R
defined on a comonotonic Stone lattice L is comonotonic additive, of bounded variation, and pointwise outer
continuous if and only if there exists a unique outer continuous set function v : ¥; — R, defined on the
collection X, = {(f > t): f € L and t € R} of upper level sets, such that

0

V(f)=/oooV(f2t)dt+/ w(f>0-v(S)d Vfel W

—00



Here, the integrals in the right hand side are in the sense of Riemann. Theorem 13 extends to the non-
monotone case the integral representation results of Schmeidler [18] and Zhou [20]. In doing so, it also extends
to the nonadditive case some classic integral representation results with signed measures, as shown in Sec-
tion 5. Moreover, it extends to comonotonic Stone lattices (the nonmonotone) related results of Murofushi,
Sugeno, and Machida [15] derived for the case B (X).!

Theorem 22 extends the Daniell-Stone theorem to the comonotonic additive case. Specifically, if V' is also
assumed to be supermodular and pointwise continuous (only at 0) then V' admits an integral representation
as in (1). In this case v can be taken to be continuous and supermodular, as well as defined on the entire
o-algebra generated by L. Surprisingly, v maintains its uniqueness features despite its larger domain. For
this reason, the integral contained in the right hand side of (1) is a Choquet integral. The Daniell-Stone
theorem is then the particular case where V is assumed to be linear or, equivalently, modular and v turns
out to be g-additive.

Finally in proving Theorem 13, we establish some new result on the decomposition of set functions of
bounded variation. This allows to refine the representation in (1).

The paper is organized as follows. After some preliminaries in Section 2, we establish in Section 3 the
decomposition results just mentioned. Sections 4 and 6 contain the main integral representation results while

Section 5 shows that our results generalize some classic ones.

2 Preliminaries

2.1 Sets

A collection ¥ of subsets of a space S is a lattice (with zero and unit) if given any two sets A, B € ¥ both
AUB and AN B belong to ¥ (and @,5 € X). We assume that all lattices 3 considered in this paper contain
@ and S; moreover, generic subsets A and B are understood to belong to 3.

A function v : ¥ — R is a set function if v (&) = 0. In particular, a set function v : ¥ — R is:

(i) positive if v (A) > 0 for all A;

(ii) monotone if v (A) < v (B) whenever A C B;

(iil) supermodular (convez) if v(AUB)+v(ANB) > v(A)+ v (B) for all A and B;

(iv) submodular (concave) if v (AU B)+v(ANDB) <v(A)+v(B) for all A and B;

(v) additive if v (AU B) = v (A) + v (B) for all pairwise disjoint sets A and B;

(vi) outer (resp., inner) continuous at A if lim, ., v (4,) = v (A) whenever A, | A (resp., A, T A);
(vil) continuous at A if it is both inner and outer continuous at A;
(viii) outer (resp., inner) continuous if it is outer (resp., inner) continuous at each A;

(ix) continuous if it is continuous at each A;

(x) countably additive if v (J,—, An) = Yoo, v (Ay) for all countable collections of pairwise disjoint sets

{A,},2, such that |J,, A, € .

n=1

I These earlier results were rediscovered by Marinacci and Montrucchio [13].



Monotone set functions are called capacities. Notice that capacities are always positive. If X is an algebra,
additive set functions are called charges and the countably additive ones are called measures. Finally, observe
that a set function which is modular — that is, both supermodular and submodular — is additive.

When ¥ is an algebra, each set function v : ¥ — R has a dual set function v : ¥ — R given by
7(A) =v(S)— v (A°). Tt is easy to see that a set function v is outer (resp., inner) continuous if and only if

its dual 7 is inner (resp., outer) continuous.

2.2 Functions

Throughout the paper, L is a nonempty collection of bounded functions f : S — R where S is a nonempty

set. We consider L endowed with the metric induced by the supnorm ||-||. The collection L is

(i) a lattice if fV g,f Ag € L whenever f,g € L;
(ii) a Stone lattice if it is a lattice and af + 3 € L for all f € L and all o, B € R;?

(iii) a Stone vector lattice if it is both a Stone lattice and a vector space.

Two functions f,g € L are comonotonic (i.e., commonly monotonic) if

(f(s)=f(s))(g(s)—g(s) =0 Vs, s"€8.
Next, we introduce a key notion for our analysis.

Definition 1 A Stone lattice Lis comonotonic if there is a Stone vector lattice E such that L C E and,

given any two comonotonic f,g € E and given any ¢ > 0, there exist two comonotonic f.,g. € L such that
Hf - fs” <g, Hg - ge” <e¢, and fe +g- € L.

In other words, a Stone lattice is comonotonic if it is suitably dense (in the sense of comonotonicity) in
a Stone vector lattice. In particular, Stone vector lattices are automatically comonotonic. Moreover, if L is

a comonotonic Stone lattice then it is easy to check that
LCECL=E, (2)
where L is the supnorm closure of L in the space of all bounded functions f : § — R.

For a given collection of functions L, consider the collections of subsets ¥y, = {(f >¢): f € L and t € R}
and 7 = {(f >1t): f € Land t € R}.3

Lemma 2 If L is a Stone lattice then both X1, and ¥’ are lattices.

Proof. We just prove the statement for ¥1. A similar proof delivers the result for ¥/ . Since L is a Stone
lattice take t; = 2, to = 0, and f € L such that f = 1. It is immediate to see that @ = {f >} and
S = {f > t2}, proving that &, S € ¥. Consider A, B € ¥. Then, there exist fi, fo € L and ¢1,t2 € R
such that A = (f; > t;) and B = (f2 > t2). Wlog, suppose that t; > to. Define f3 = fo + ¢ — t2. Since
L is a Stone lattice, it follows that fs, f1 V fs, and fi A f3 belong to L. Hence, (f3 > t1) = (f2 > t2) = B,
AUB:(fl\/fg,Ztl)EEL,andAﬂB:(fl/\fgztl)eEL. |

2Observe that f 4 8 denotes f 4+ B1lg. With a small abuse of notation, we denote by the same symbol a real number and

the constant function that takes that value. By setting a = 0, it follows that a Stone lattice contains all constant functions.
3Given f € L and t € R, we denote by (f > t) and (f > t) the sets {s € S: f(s) >t} and {s€ S: f(s) > t}.



Example 3 Let X be an algebra. A function f : S — R is Y-measurable if f~!(I) € ¥ for each Borel
set I of R (see, e.g., [10, p. 240]). We denote by B (X) the set of all bounded X-measurable f : S — R.
The collection B (X) is a Stone lattice but it is not a vector space unless ¥ is a og-algebra (see, e.g., [13,
pp. 75-76]). Its supnorm closure B () is a Stone vector lattice with the property that, given any two
comonotonic f,g € B(X), there exist two sequences {f,}, ,{gn},, € B (X) that supnorm converge to f and
g, respectively, such that f,, and g, are comonotonic and f, + g, € B(X) for all n € N. Thus, B(X) is a
comonotonic Stone lattice. Finally, ¥ g5y = ¥. For, ¥p(s) C ¥ by definition of B (X), and ¥ C X g(x) since
B (X) contains all indicator functions. A

Example 4 If we endow S with a topology, the collection of all bounded continuous functions C (S) is easily
seen to be a Stone vector lattice. A

Thus, the notion of comonotonic Stone lattice allows to cover classic spaces that, like C (5), are already
Stone vector lattices, as well as classic spaces that, like B (X), are not Stone vector lattices but nicely (in
the sense of comonotonicity) embeds into Stone vector lattices. Without this notion these different types of

spaces would require a separate analysis.

Let L be a Stone lattice, a functional V : L — R is:

(i) monotone if f > g implies V (f) > V (g);

(il

positively homogeneous if V (af) = oV (f) for all a > 0;

(iii) comonotonic additive if V (f + g) = V (f)+V (g) for any comonotonic pair f,g € L such that f+g € L;

(v) supermodular f V (fVg)+V (fAg) >V (f)+V(g) forall f,g € L;

(vi

)
)
)
(iv) translation invariant if V (f +X) =V (f)+ AV (1) for all f € L and X € R;
)
) submodular if V (fV g)+V (fAg) <V (f)+V (g) forall f,g € L;

)

(vil) outer (resp., inner) continuous if lim, .o V (fn) = V (f) whenever {f,}, € L and f € L are such

that f, | f (vesp., fu T f);*

(viii) continuous if it is both inner and outer continuous;
(ix) Lipschitz continuous if there is k > 0 such that [V (f) =V (g)| < k|| f — g|| for all f,g € L.

In the sequel we will also consider functionals V' : Ly — R, where L, = {f € L: f > 0}. For them the
previous properties apply, up to the obvious modifications.

Finally, let L be a Stone lattice. Given a functional V : L. — R and two functions f,g € L such that
f<g, set
7supZ|V (fi) =V (fi=1)| € [0,00],

where the supremum is taken over all finite chalns f=f i< < fiu=g9. Wesay that V is of bounded
variation if T (0, f) < oo for all f € Ly (see, e.g., [13] and [15]).

Given a functional V : L — R defined on a Stone lattice, its dual functional V : L — R is given by
V (f) = =V (—f). Next, we collect few basic relations between V and its dual V. Their simple proofs are
omitted.

4Given a sequence {f,} C L and f € L we say that fy, | f (vresp., fn T f) if for each s € S we have lim,, fy, (s) = f (s) and

n —

fn > fag1 (xesp., fn < foia) for all n € N.



Lemma 5 Let V : L — R be a functional defined on a Stone lattice. Then,
(i) (V) =
(ii) V is comonotonic additive if and only if V is;
(iii) V is monotone if and only if V is;
(iv) V is outer (resp., inner) continuous if and only if V is inner (resp., outer) continuous;
(v) V is supermodular (submodular) if and only if V is submodular (resp., supermodular);
(vi) V is translation invariant if and only if V is;
(vii) V is positively homogeneous if and only if V is;

(viii) if V is comonotonic additive, then V is of bounded variation if and only if V is.

3 Decomposition

In this section we study inner and outer variations that we will use to decompose set functions of bounded
variation as differences of capacities. In turn, these decompositions will play an important role in the
integral representation results of next section. Below, given a real number a we denote a* = max {0,a} and
a” = max {0, —a}.

We consider a lattice of sets . Given a set function v : ¥ — R and two nested sets A C B, set

+t(A,B) = supz v (Si) —v(Sii1)]T,
~(4,B) = Supz v (S) —v(Sis1)] ™,

V[ (A, B) = sup Y [v(Si) = v (Si-1)l

i=1
where the supremum is taken over all finite chains A=5,C S5, C---C S, =
Following Aumann and Shapley [5], define |v|| by ||v| = |v|(2,S). This is the variation norm of v,

which reduces to the classic total variation norm when v is a charge. Denote by bv (X) the collection of
all set functions v such that ||v|| < co. Set functions in bv () are necessarily bounded. Indeed, |v (4)| =
v (A) —v (@) < |v|(9,A) <|v|(2,S) =|lv| for all A€ X.

Lemma 6 ([5, p. 28]) If ¥ is a lattice then (bv (X)), ||-|) is a Banach space.’®

Given a set function v in bv (X), its

(i) inner upper variation v : 3 — [0,00) is given by vt (A) = v (@, A);

(i) inner lower variation v~ : ¥ — [0,00) is given by v~ (4) = v~ (&, A);
(iii) outer upper variation vy : ¥ — [0,00) is given by vy (A) = vT (S) —vT (4, 95);
(iv) outer lower variation v_ : 3 — [0,00) is given by v_ (A) = v~ (S) — v~ (4,5);

5More precisely, Aumann and Shapley [5] prove the previous lemma when ¥ is a o-algebra. However, their techniques apply
when X is a lattice. A similar observation applies to Proposition 7, for the equivalence between points (i), (ii), and (iv).



(v) total variation |v|: X — [0,00) is given by |v| (4) = |v| (2, A).

Outer variations are the natural counterparts of inner variations, which were first studied by [5]. Notice
that v+ (@) = v (@) = v~ (9) = v_ (@) = 0 and that v (S) = vy (S) as well as v~ (S) = v_ (9).
Moreover, all variations (i)-(iv) are capacities, provided v € bv (£). The following result summarizes these

facts and extends a basic decomposition result proved in [5].

Proposition 7 Let ¥ be a lattice and v : ¥ — R a set function. The following conditions are equivalent:
(i) v € bv(X);
(i) vt and v~ are two capacities;

(#ii) vy and v_ are two capacities;

(iv) there exist two capacities vy and vy on ¥ such that v = v — vy.

Moreover,

v=vt—v =v,—v_ and |v|=vi+v" (3)

and
vt <uv and v <, (4)
whenever v = vy — vy 1S any decomposition with capacities v1 and vs.

Proof. The equivalence of (i), (ii), and (iv) is proved in [5], as well as the equalities v = v — v~ and
|v| = v+ + v~. In their analysis, X is a o-algebra but their arguments are easily adapted to lattices.

(iii) implies (i). Suppose that v, and v_ are two capacities on ¥. This implies that v* (S) and v~ (S) are
finite. We next show that v = v, —v_. Pick A € ¥. Notice that for each chain A=5,CS; C---C S5, =8
we have that

v(S)—v(A) = (v (S) —v(Si)) = > w(S)—v(Sii))+ Y, (v (Si) = v (Si-1)).

i=1 iw(Si)>v(Si—1) (i) <v(Si_1)

This implies that

v (A)=vT(8)—vt(A4,8)=v"(S)—sup {Zmax{l/ (S;) — v (Si-1) 70}}
i=1

Z —max {v (S;) — v (S;—1) ,O}}

=vt(8)—v(S)—v (A4,8)+v(A).



This implies that

V(A) = v (A) + v (A,8) +v(S) — vt (S) = vy (A) + v~ (A, 8) + v (S) — v (S) — v~ (8) + v~ ()
= vy (A)—v_ (A) +v(S)— v (8)+v (9).

Since A € ¥ was chosen to be generic, the previous equality holds for all A € 3. Since v, v, and v_ are set
functions, by choosing A = & it follows that 0 = v (S) + v~ (S) — vT (S). Hence, v (A) = vy (A) —v_ (4)
for all A € ¥. Thus, v = v4 — v_ and, since v is difference of two capacities, v € bv (X).

(i) implies (iii). Suppose that v € bv (X). Given any A € 3, we have that 0 < v (4, S) < vt (2,5) =vT (9)
and 0 <v~ (4,59) <v™ (&,S5) =v~ (S). Since v € bv (X) and by (ii), v (S) and v~ (S) are real numbers.
It follows that vy (A) = vt (S) —vT (A4,S) and v_ (A) = v~ (S) — v~ (A, S) are well defined positive real
numbers for all A € . Hence, vy ,v_ : ¥ — [0,00) are well defined functions. It remains to prove that vy
and v_ are capacities. Since it is immediate to check that vy (&) = v_ (&) = 0, we only need to show that
vy and v_ are monotone. If A C B then

v (B,S) <vT(B,S)+[v(B)—v(A)]" <vF (A, S) and
v=(B,S)<v™ (B,S)+[v(B)—v(A)] <v (4,9).

This implies that vy (B) = vt (S) — vt (B,S) > vt (S)— vt (A,S) = vi (A) and, similarly, that v_ (B) >
v_(A).

Next, assume one between the four equivalent facts (i), (ii), (iii), and (iv). v =vT —v~ and |v| = vt +v~
basically follow from [5] while v = vy — v_ follows from the proof of (iii) implies (i).

Finally, (4) is proven in [15]. |
When ¥ is an algebra, inner and outer variations can be connected through dual set functions.

Lemma 8 Let X be a lattice and v : ¥ — R a set function of bounded variation. If 3 is an algebra then

vi =" andv_ = (¥)".
Proof. Suppose ¥ is an algebra and suppose that v € bv (). We only prove that v, = (¥)", as the other
equality can be similarly proved. Pick A € 3. It follows that & = Sy € S; C--- C S, = A if and only if
Ac=8; C S C---CS§§=S5. Moreover,

n

ST S) - (ST =D [ (Se) —v(S9] T (5)

i=1 =1

This implies that v1 (&, A) = v+ (A4, 5). If A =S then we have that o+ (S) = v* (S). On the other hand,

we have that

(@) (A) =" (S) =t (A°) =vF (9) —vT (A4, 9) = vy (4),
as desired. |

Remark 9 In light of previous lemma, we observe that the second equality of (3) can be derived in a simpler

way when ¥ is an algebra. For, assume v € bv (X). This implies that v € bv (X) and so v = vt — 0~. By

Lemma 8, v = (7) = (7t) - (77) =vy —v_.



Tt is useful to introduce the following order in bv (X) . Given two elements u, v € bv (2), say that v = p if
and only if v — p is a capacity. For instance, some of the results of Proposition 7 can be formulated through
the order = as follows: |v| = vT = v = —v~ = — |v| for each v € bv (X). In addition, we have v, = v = —v_.

Nevertheless, when ¥ is an algebra, the ordered vector space (bv (X), =) is not a vector lattice unless ¥
is trivial (see, e.g., [15, Proposition 3.4]).

The next “sandwich” result provides a simple way to check the continuity of a set function v € bv (X).

Lemma 10 Let ¥ be a lattice and v : ¥ — R a set function of bounded variation. A set function v is outer

(resp., inner) continuous provided vy ¥ v = va, where vy and vy are both outer (resp., inner) continuous.

Proof. If A C B then it follows that v (B) — v (A) > v (B) —v(A) > 1 (B) -1 (A). If {4,}, C X,
A€, and A, | Athen vy (4,)—v1(4A) >v(A,) —v(A) > 1 (A,) — e (A) for all n € N. This implies

that lim,, v (A,) = v (A). A similar argument applies for inner continuity. [

Proposition 11 Let X be a lattice and v : ¥ — R a set function of bounded variation. Then,
(i) v is inner continuous if and only if both v™ and v~ are;
(ii) v is outer continuous if and only if both vy and v_ are;

(i1i) |v| is continuous if and only if both v+ and v~ are continuous, which in turn implies that v is contin-

uous.

Proof. In light of Proposition 7 and (3), the sufficiency part of points (i), (ii), and (iii) is immediate. The
necessity part of point (i) and (ii) follows from routine arguments.5 As to (iii), by the relations |v| = vT = 0
and |v| = v~ = 0 and by Lemma 10, if |v| is continuous then v* and v~ are continuous. Finally, in this case

and given (3), we can conclude that v is continuous. |

Proposition 11 characterizes the inner and outer continuity of set functions in bv (X) in terms of the inner
and outer continuity of their variations. A natural question is whether the continuity of a set function has
a similar characterization, that is, whether a continuous v can be decomposed in two continuous v and
v~ . The next negative result shows that, in general, this is not the case. In other words, the implication
contained in point (iii) of Proposition 11 does not admit a converse: there exist continuous set functions v
for which |v| is not continuous. In this case, we can only assert that |v| is inner continuous by point (i) of
Proposition 11.

To see why this is the case, say that X is a nonatomic o-algebra if it admits a nonatomic probability
measure. For example, Borel o-algebras of uncountable Polish spaces have this property (see, e.g., [1,
Theorem 12.22]).

Proposition 12 If ¥ is a nonatomic o-algebra then there exists a continuous v € bv (X) such that its inner

variations v+ and v~ are not outer continuous.

This negative result is important for our analysis since it shows that we cannot provide a unified repre-

sentation for the continuous case, but only separately for inner and outer continuity.

Proof. Let p be the nonatomic probability measure on X. Let A be such that pu(A) = pu(A°) = 1/2, and
define 1, s : X — [0,1] by p1 (B) = p(A°N B) /u(A°) and ps (B) = p (AN B) /u(A). Clearly, p1 and pug
are mutually singular nonatomic probability measures. By the Lyapunov Theorem,

{1 (B),p2 (B)) : Be s} =[0,1]". (6)

6Proofs are available upon request. Point (i) was proven first by [16, Proposition 2.1] when ¥ is a o-algebra. Particularly,

in the case ¥ is an algebra, the necessity part of (ii) is an easy consequence of point (i) and Lemma 8.



Consider the function f : [0, 1]2 — R defined in [5, note 3 p. 56] and define v : ¥ — R by v(B) =
f (1 (B), p2 (B)). By the properties of this function proved by [5], v belongs to bv (¥), v is continuous, and
vt (B) = f* (u1 (B), u2 (B)).” However, lim,, f+ (27™,1) # f*+(0,1).

By (6) and since p1 and po are mutually singular, there exists a sequence {A,,},, 2 A such that

w1 (Apy) =27 and pg (A,,) =1 for all m € N. Set A’ = ﬂ Ay, We have pq (A”) = 0 and pg (4) = 1.
meN
Hence,

m

1
V(A = £ (0,1) £ lim £+ (2m 1) —lim £ (i (A, 2 (A)) = lim v (Ay),
which shows that v is not outer continuous. A similar argument shows that also v~ is not outer continuous.
|
4 Integral Representation of Comonotonic Additive Functionals

Let L be a Stone lattice. Given an element v € bv (¥1) and an element v/ € bv (X)), we define V.. : L — R

and Vg, : L — R the Choquet functionals given by

o) 0
V= [ virzods [ wrzo-vle Vel @
0 —00
and 0
Vsc(f):/ 1/(f>t)dt+/ [V (f>t)—v (S)]dt VfeL.
0 — 00
The Riemann integrals on the right hand sides are well defined. Indeed, the scalar functions ¢ (t) = v (f > t)
and ¢’ (t) = v/ (f >t) are of bounded variation over [— | f||—1,|f|| +1]. For, if tx < t1 < -+ < i,
to=—|lfl — 1, and ¢, = || f|| + 1 then

Z o (t:) — ¢ (tim1)| = Z v (f>t) —v(f>ti) <] (8)

A similar argument holds for ¢’. Hence, the two integrands of (7) are of bounded variations on the interval
[— I/l = 1, ]I f]l + 1] and zero on the rest of their respective domains of integration. When v is defined over

the entire o-algebra generated by X1 we write alternatively V. (f) = [ fdv for all f € L.

We can now state and prove our first main result.

Theorem 13 Let V : L — R be a functional defined on a comonotonic Stone lattice. The following condi-

tions are equivalent:
(i) V is comonotonic additive, of bounded variation, and outer continuous;

(i) there exists an outer continuous set function v € bv (X1,) such that
9] 0
vin= [ vGznar [ puzo-vela  veL o)
0 —00
(iii) there ewist two outer continuous capacities v' and v? over ¥p such that

V() =Vl -V2() Vel (10)

Moreover,

"Here f1 is defined as in [5, p. 50].



(a) the outer continuous set function v : X, — R for which (9) holds is unique;
(b) v is a capacity if and only if V is monotone;

(¢) v is supermodular if and only if V is supermodular.

The proof of this theorem relies on few lemmas.

Lemma 14 Let V : L — R be a comonotonic additive functional of bounded variation defined on a Stone
lattice L. Then,

(i) there exist two functionals V1,Vs : L — R that are monotone, translation invariant, positively homoge-
neous, and such thatV =V, — V5 on L;

(11) V is inner (resp., outer) continuous if and only if both Vi and Va are inner (resp., outer) continuous;

(#ii) V is Lipschitz continuous, translation invariant, and positively homogeneous on L.
Proof. (i) By proceeding as in [13, p. 69], it is easy to see that comonotonic additivity implies that
V(af+p8)=aV (f)+V(p) Va € Q4 and B € R. (11)

Being V' of bounded variation, we have that T (0, f) < oo for all f € Ly. Define V4 : Ly — R by
Vi(f)=T(0, f). Since V is of bounded variation, V; is well defined. Clearly, it is monotone.

Claim 1 T(0, f + A\) =T (=, f) for all f € Ly and for all A € Ry.

Proof of the Claim. Fix f € Ly and XA € Ry. Notice that {g;};_, is a chain in L such that —\ = gy <
-+« < g, = fif and only if there exists a chain {f;},_, in L such that 0 = fo < --- < f, = f + X and
fi=gi+Aforallie{0,..,n} Inview of (11), it follows that

T (=M f) =sup S|V (9:) =V (gimn)| = sup S [V (fi = A) = V (fies = N
=1 =1

=5 YV () =V ()| = T (0,5 4+ ).

Claim 2 T (=X, f) =T (=X\,0)+T(0, f) for all fe€ Ly and A € Q4.
Proof of the Claim. Fix f € L and A € Q44. Since V is comonotonic and of bounded variation and

by definition and Claim 1, oo > T (=X, f) > T (=X,0) + T (0, f). We are now left to prove the opposite
inequality. Fix ¢ > 0. Then, there exists a finite chain {f;}" , C L, with —X = fy and f, = f, such that

n

SNV =V ) 2T (=M f) <.
i=1
Since L is a Stone lattice, { fj' }?:0 and {f fi_}?:o are chains in L. Moreover, observe that ff and

—f; are comonotonic for all i € {0, ...,n}, since [f;" (s1) — f;" (s2)] [fi (s2) — fi (s1)] = f;7 (s1) fi (s2) +
[t (s2) £ (s1) = 08 So that V (f;) =V (f;") + V (=f;) for all i € {0,...,n}.

8More generally, f A a and fV a are comonotone for all a € R (see, e.g., [15]).
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Finally, from —A= —f; <--- < —f- =0and 0= f" <. < fF = f, it follows that

TN +T(0,f) 23 V(=) =V (=f2) |+ [V (£5) =V (£5)
i=1

=1

Z Z V(=f7 )=V (=) + V() =-V()]
=Y V() =V )l 2T (A~

Since € was arbitrarily chosen, the statement follows. O
Claim 3 T (0,\f) = AT (0, f) for all f € Ly and A € Q1.

Proof of the Claim. Fix f € L, and A € Q1. Given € > 0, there is a chain in L such that 0 = fy <.-- <
fn = f and for which znjl [V (fi) =V (fi—1)| = T (0, f) —e. Consider the chain 0 = Afy < --- < Af,, = Af.

In view of (11), we ha\g that
T(0,M) =Y V(M) =V (Afim1)| 2 AT (0, f) = Xe.
=1

It follows that 7' (0, Af) > AT (0, f). Since A was generic, particularly, we have that T (0, )Flf) > AT (0, f)
for all A € Q4. By replacing f with Af, we obtain that T (0, f) > A=1T (0, \f). Consequently, T (0, \f) =
AT (0, f). O

By construction, V; is monotone. Given Claims 1-3, if A € Q4 then we can conclude that
Vilf+2) =T O, f+2)=T(=Af) =T (X0 +T(0,f) =T(0,A)+T(0,f) (12)
=AT(0,1)+T(0,f) =Vi(f)+ AV (1).

Let f,g € Ly. Since L is a Stone lattice, g + || f — g|| € Ly. Let {r,}, € Q44 be such that r,, | ||f —g]|.
By (11) and (12), and since f < g+ ||f — gl|, we have that

Vi(f)<Vi(g+f—gl) <Vi(g+ra)=Vi(g) +mVi(l)  VneN. (13)

By a symmetric argument, we can interchange the roles of f and g in (13). Passing to the limit, we get
Vi (f)—Vi(g)l <Vi(1)|lf — gll, which shows that V; is Lipschitz continuous. Given Claims 1-3, we have
that for each f € L, and for each o, 8 € Q44

Vi (of + B) = aVi (f) + Vi (1). (14)

Since V; is Lipschitz continuous, it follows that (14) holds for all f € L, and «, 8 > 0.
Define now Vo = V3 — V on L. Consider f,g € Ly such that f > g. Since V is of bounded variation,

we have that

V=V <V =V(@I<T(g9.f) <T(0,f) =T (0,9) =V1(f) =V (9)-

In turn, this implies that V5 is monotone. By (11) and (14), we have that for each f € L, and for each

a,fe€Qyy
Va(af +8) =aVa(f)+BV2(1). (15)

Since V5 is monotone and by the same argument used for Vi, it follows that V5 is Lipschitz continuous.
Finally, by Lipschitz continuity, we can conclude that (15) holds for all «, 8 > 0.
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In sum, we have proved that there exist two monotone functionals, V; and Vs, from L, to R such that
V =V, —V, on L. and such that for each ¢ € {1,2}

Vilaf+8)=aVi(f)+8V:(1)  Vfe€ Ly Va,5>0.

We complete the proof by extending V4 and V4 to L. To this end, observe that L = {f + k: f € L, and k € R}.
For 1 = 1,2, define V.:L >R by Vi (/) =Vi(f +A) — AV; (1) where X is any nonnegative scalar such that
f+ X € Ly. The functionals V; are easily seen to be well defined with Vi (f)=Vi(f) for all f e L. Tt
is also easy to check that they are monotone, translation invariant, and positively homogeneous. Thus, it
remains to prove that V = V; — Vo. Let f € L and define k = ||| f||| + 1. Notice that f + k € L. By (11)
and since V =V; — V5 on L., it follows that

VN +EV) =V +R)=Vi(f+k) = Va(f+k) = Vi (f+k) = Vo (f + k)
=T ()= V(D) +k ()=o) = T2 () = V() +k (Vi (1) = V2 (1)
= V() = Ve () +RV (1).

This completes the proof of (i).

(ii) The sufficiency part of the statement is obvious. We next prove the necessity part. We first show the
inner continuity of V1 : Ly — R. Let {f.,},, € L4 be such that f,,, T f. Since V; is monotone, lim,,, V1 (fin)
is well defined, with lim,, V; (fim) < Vi (f). As to the converse inequality, pick £ > 0 and consider a chain
0=go<g1<---<gn= f such that

V1(f)—5=T(07f)—5§Z|V(9i)—v(9i—1)|-

=1

Define f™ = g; A fp, for all m € N and for all i € {0,...,n}. Since L is a Stone lattice, we have that
fm e L for all m € N and for all i € {0,...,n}, moreover, f™ 1 g; for all i € {0,...,n} and 0 = fi* <
fimy < fr< fir = f, for all i € {1,...,n} and for all m € N. Since V is inner continuous, it follows that
limy, |V (f) =V (f1)] = IV (9:) — V (gi—1)| for each i € {1,...,n}. Therefore,

hnrlnz V(M =V ()] = Z IV (9:) =V (gi-1)]-
i=1 =1

By definition, for each m € N we have that Vi (fm) =T (0, fm) > > |V (f) = V (f)]. This implies that
i=1

m Vi () 2 lim Y [V (") =V (£20)| 2 Vi (f) — e

i=1
Since € > 0 was arbitrarily chosen, this proves the statement.
It remains to show that the extension 171 : L — R is also inner continuous. Consider {f},, € L and
f € L such that f,, 1 f. Define k = || f1||. Then, {fm, +k},, € Ly, f+ k€ Ly, and fr, + kT f+ k. Since
V1 is inner continuous, this implies that

Vi(f+ k) =Vi(f +k) =lmVi (fr + k) = Um Vi (f + k).
Hence, Vi (f) = Vi (f + k) — kV4 (1) = lim,, (‘71 (fm + k) — kWA (1)) = limy, Vi (fm). Clearly, since Vp =
V- ‘71 and V and ‘71 are inner continuous, it follows that ‘72 is inner continuous as well.

Finally, we prove the outer continuous case. If V' is outer continuous, by Lemma 5 it follows that V is an

inner continuous and comonotonic additive functional of bounded variation. Therefore, by the previous part
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of the proof V = V| — V4, where V1, V5 : L — R are monotone, translation invariant, positively homogeneous,
and inner continuous functionals. By Lemma 5, V = (V) = Vi — Va, where Vi, Vs : L — R are monotone,

translation invariant, positively homogeneous, and outer continuous functionals.

(i) It follows from (i) since V is the difference of two functionals that share these properties. |

In the sequel, we still consider a comonotonic functional of bounded variation, V', defined on a Stone
lattice L. We will need to extend V to the supnorm closure L of L. The next result tells us that we can
extend V to L maintaining some of its properties, particularly and surprisingly, the property of (outer)
continuity. Given the mappings V, Vi, Vs : L — R as in Lemma 14, we denote by W, Wi, W5 : L — R their
unique continuous extensions to L.” By definition, W (f) = lim,, V (f,,) for all f € L where { fmtm €L
and || f,n, — f]] — 0. Clearly, this implies that if the functional is Lipschitz continuous so is its extension and

if the functional is monotone so is its extension.

Lemma 15 Let L be a Stone lattice. IfV : L — R is a comonotonic additive and outer continuous functional

of bounded variation then W is an outer continuous functional of bounded variation.

Proof. By Lemma 14, we have that V = V; — V5 where V; and V5 are monotone, translation invariant,
positively homogeneous, and outer continuous functionals. It follows that W = W; — W5 where W7 and Wy
are monotone. Indeed, consider a generic f € L and {f,},, C L such that ||f,, — f|| — 0. Then, we have
that

W () =TV (fn) = i (Vi (fn) = Va (f)} = Vi () = 1m Vo (f) = W2 () = Wa (). (16)

Monotonicity of W7 and W5 follows similarly. Since W is a difference of two monotone functionals, it follows
that W is of bounded variation (on L). We are left to prove that W is outer continuous. We proceed by
proving few facts. Fix ¢ € {1,2}.

Claim 1 For each f € L there exists {f,},, € L (resp., {f},},, C L) such that | f,, — f|| — 0 and f,,, > f
for all m € N (resp., ||f7, — f]l — 0 and f! < f for all m € N).

Proof of the Claim. The proof follows from standard arguments. O
Claim 2 For each f € L and for each {g,},, C L such that g, | f there exists {f,,},, € L such that
fm L fand [[fi — gl < %

Proof of the Claim. By Claim 1, for each m € N there exists h,, € L such that h,, > g and [|hp, — gm|| <
%. Define f,, = A} ht for all m € N. It is immediate to see that {f,,}
functions. Moreover, since L is a Stone lattice, we have that {f},,
fm = gm > [ for all m € N. Indeed, we have that hy > gx > g, for all m € N and for all £ < m. It follows
that

m 1S @ nonincreasimng sequence of

C L. Furthermore, we have that

[fin (8) = gm (8)] = fn (8) = gm (8) < T (8) = g (8) = "o (8) — gm (5)| < % Vm € N,Vs € S.
This implies that || fm, — gm|| < & for all m € N. Finally, we have that
gm(s)—i—%zfm(s)zf(s) Ym e N,Vs e S.
This implies that f,, | f. O

Claim 3 If f € L and {f},, C L is such that f,, | f then lim,, V; (fm) = W; (f).
Proof of the Claim. By monotonicity of V; and since L is a Stone lattice, it follows that {V; (f.)},, is a

nonincreasing sequence which is bounded from below by V; (— || f||) € R. Hence, lim,, V; (f,,) is well defined.
Since W; is monotone as well, it follows that lim,, V; (f,) = lim,, W; (f,) > W; (f).

98ince V, Vi, and Vh are Lipschitz continuous, these extensions exist and are unique.
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Viceversa, by Claim 1, there exists a sequence {g}, € L such that g, > f and ||gr — f|| — 0. Notice
that, by definition of W;, we have that limg V; (gx) = W; (f).

Fix £ € N. Define for each k& € N the sequence {f,’jl}m such that f& = £, V g for all m € N,
Since L is a Stone lattice, { jfl}m C L. By construction, f* | g € L. By monotonicity and outer
continuity of V;, this implies that lim,, V; (f) < lim,, V; (fffl) = Vi (gg) for all k € N. This implies that
lim,,, V; (f) < limg V; (gx) = Wi (f), proving the statement. O

Claim 4 W, is outer continuous.

Proof of the Claim. Consider f € L and {gm},, C L such that ¢,, | f. We want to show that
lim,, W; (gm) = W; (f). By Claim 2, there exists {fy,},, € L such that fn, | f and [|fn — gmll < &. It
follows that

Wi (gm) — Wi ()] < Wi (fn) = Wi (H)] + Wi (gm) — Wi (fm)]
<Vilf) = We(D)l+ W) VmeN.

The second inequality follows since Wj is the unique continuous extension of V; to L and W; is Lipschitz
of order V; (1) = W; (1) given that V; is. By Claim 3, it follows that |V; (fn) — W; (f)| — 0, proving the

statement. 0

By Claim 4 and (16), it follows that W7 and W5 are outer continuous, and so is W. This completes the
proof of the lemma. [

The next Lemma can be proved by using the same techniques of [20, Lemma 1 and Theorem 1].

Lemma 16 Let V : L — R be a monotone, translation invariant, positively homogeneous, and outer con-
tinuous functional defined on a Stone vector lattice L. For any A € Xy, there exists a sequence {fm},, in
L such that fn, | 14. Moreover, the set function v : X — R given by v (A) = lim,, V (fm), where {fm},,
is a generic sequence in Ly such that f,, | 14, is a well defined outer continuous capacity.

We can now prove Theorem 13.

Proof of Theorem 13. (i) implies (ii). Suppose first that L is a Stone vector lattice. By Lemma 14 and
since V' is comonotonic additive, of bounded variation, and outer continuous, there exist two functionals
V1,Vo : L — R that are monotone, translation invariant, positively homogeneous, outer continuous, and
such that V .=V, — V5. Define v : ¥, — R by v(4) =v1 (A) — 15 (A) for all A € ¥, where v and vq are
defined as in Lemma 16 via the functionals V; and V5. By Theorem 7, Lemma 14 point (ii), and Lemma 16,
v is an outer continuous set function of bounded variation.

We now prove that (9) holds. Suppose that f € Ly and define k = ||f|| + 1. By (8), [; v (f >t)dt is
well defined. Let ¢ > 0. There exists a partition {¢;};_, such that 0 =ty < --- <t, =k, k/n <e, and

/OOO v(fztdt =3 v(f>ti) (b~ tioa)

k n

/ v(fZt)dt = v(f>ti)(ti—tia)| <e (17)
0 i=1

By [20, pag. 1815], for each i € {1,...,n} there exists f; € Ly such that

(@) [v(f = tica) =V (fimr)| <e/k;
(b) fi—1(ti —ti—1) and ¥%7_,; fj—1 (t; — t;—1) are comonotonic for each i € {1,....,n — 1};

(¢) fF<ZEP fia(ti—tim1) < f+2e.
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By (c) and Lemma 14, it follows that
Vi(f)<V; <Zfi—1 (t: — ti—l)) <V (f)+2eV;(1) for j € {1,2}.
i=1

This implies that

<2eV; (1) for j € {1,2}.

% <Zfi1 (ti —ti1)> - Vi (f)
By (17), (a), and (b), it follows that
/0 v(f >t)dt_V(f)' < /0 v(f>t)dt -V (;fil (ti_ti1)>

n

<[ vrzod- 3V G-t

=1

_|_

Vv (Zfil (ti — tz‘l)) -V (f)‘
i1

+2eVi (1) + 2V (1)

< /Oooz/(f > t)dt — ;u(f > i) (t —tio1)
F D> V(= tima) (b —tis) = YV (fic1) (b — tica)| + 22 (Vi (1) + Va (1))
i=1 i=1

<2 (1+Vi(1)+V2(1)).

Since e was arbitrarily chosen, this proves the statement. If f ¢ L, then f + | f|| € L. It follows that
VIO +IAV Q) =V +I1rD :/0 v(f+Ifl =t)dt

:/Ooou(fzt)dt—k/o v (f > t)dt

—l£l

oo 0
:/’uwzwﬁ+/ W (f = 1) — v (S)]dt+ ] (S)
0 =[£I

o) 0
=A Mfzwﬁ+/ W (f >0 —v(S)dt+ | f]V (1),

—0o0
proving the statement when L is a Stone vector lattice.

Suppose that L is not a vector space. By Lemma 14, V : L — R is Lipschitz continuous. By Lemma
15, this implies the existence and uniqueness of its extension to L. We still denote by V this extension.
Moreover, this extension is of bounded variation and outer continuous. In view of (2), the restriction of V
on F is also comonotonic additive. For, given any comonotonic pair f,g € F, there exist two sequences
{fn},, »{gn}, C L that supnorm converge to f and g, respectively, and such that f,, and g,, are comonotonic
and f, + g, € L for each n € N. Then, by the Lipschitz continuity of V, we have that V (f +g) =
lim, V (fn + gn) = lim, (V (fn) + V (gn)) = V(f) + V (g). Since E is a Stone vector lattice, by the first
part of the proof there exists an outer continuous v € bv (Xg) such that (9) holds on E for the extension of

V. In turn, this implies the existence of an outer continuous v € bv (£1) such that (9) holds on L.

(ii) implies (iii). From v = vy — v_ and Proposition 11, we get (10).

(iil) implies (i). It is easy to check that the functional V : L — R defined by (9) is comonotonic additive, of
bounded variation, and outer continuous since it is difference of functionals sharing these properties.

(a). Assume that L is a Stone vector lattice and let v be defined as in the previous part of the proof.

Consider an outer continuous set function v’ in bv (X1) that satisfies (9). Given any A = (f >t) € X,
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following [20, p. 1814] set

fn =1- |:1/\n(t_f)+:| .
We have f, (s) € [0,1] for all s € S and the nonincreasing sequence { f,, },, is such that f,, | 14. In particular,
A= (fn,>1)forallneNand

(fa=t) 1A Vte(0,1]. (18)

bounded variation, uniformly bounded by ||v/||. By (18) and since v’ is outer continuous, lim,, g, (t) = v’ (A4)
for all ¢ € (0,1]. By the Arzela Dominated Convergence Theorem (see, e.g., [12]), lim,, fol gn (B)dt = V' (A).
By (9) and by definition of v, we have v (A) = lim, V (f,) = lim, fol gn (t)dt = V' (A), thus proving the
uniqueness of v. If L is a comonotonic Stone lattice, then v is constructed on Y O ;. By following the

Define g, : [0,1] — R by g, (t) = v/ (fn > t) for all n € N. We have that {g,},, is a sequence of functions of

same technique, it follows that any outer continuous v’ € bv (X1) must coincide with v5, .

(b). Necessity follows from a routine argument. On the other hand, sufficiency follows by noticing that

V =V; and V5 = 0. By Lemma 16, this implies that ¥ = v is an outer continuous capacity on .

(¢). If v is supermodular then we have that

viifrng >t +v((fvg) >2t)=v((f>t)N(g=>t)+v((f=2t)U(g>1)

v((f
v(ifzt)+v(g=t) VfgeLVteR

Y

By (9), we have that
V(FAQ)+VI(fVg >V (H)+V (g  VfgeL.

Viceversa, assume that V is further supermodular. Pick A, B € X;. Define v as in the initial part of the
proof. Consider {f,}, ,{9n},, € L such that f,, | 14 and g, | 1. We have that f, Vg, | AU B and
faANgn ]| AN B. By Lemma 16 and since V' is supermodular, this implies that

V(AUB) +v (AN B) = imV (fu V gu) + ImV (fu A gu) > ImV (£,) +1mV (g,) = v (4) + v (B).

proving the statement. |

4.1 Inner Continuous Representation

We now use the previous results to provide a characterization in terms of Choquet integral of inner continuous

and comonotonic additive functionals of bounded variation from L to R.

Proposition 17 Let V : L — R be a functional defined on a comonotonic Stone lattice. The following

conditions are equivalent:

(i) V is comonotonic additive, of bounded variation, and inner continuous;

1) there exists an inner continuous set function v € bv (X)) such that
L

0

V(f):/oooz/(f>t)dt+/ W(f >t —v(S)dt  VfeL (19)

(iii) there exist two inner continuous capacities v* and v* over X such that
V() =V () =VE(f)  VfelL (20)

In particular, the inner continuous set function v for which (19) holds is unique.
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Proof. (i) implies (ii) Given a set function v : ¥, — R, define 7: 37 — R by 7 (A4) = v (S) — v (A°). The
dual set function 7 is well defined since, being L a Stone lattice, it is easy to check that A € ¥y, if and only
if A° € ¥. Moreover, v is outer continuous and of bounded variation if and only if 7 is inner continuous
and of bounded variation.

Since V' is comonotonic additive, of bounded variation, and inner continuous, by Lemma 5 the functional
V is comonotonic additive, of bounded variation, and outer continuous. By Theorem 13, there exists a

unique outer continuous set function v € bv (X1) such that

0

vm=4wwﬁnmw/“wwzw—wmﬁ, Vel

— 00

Then,

VU%=4N—ﬁ=—<vaPf>ﬂﬁ+/o@bﬁ>0—v@ﬂﬁ>

—00

| v®-vrzoia- [Tverzow

— 00

fe'e) 0
[ we-vu<oa- [ vy
0

— 00

0

Amwwwasmﬁ+/ W (S) = v (f <) —v(S)) dt

— 00

oo 0
:/ p(f>t)dt+/ w(f>t)—v(9)]dt
0

— 00

where 7 is inner continuous and of bounded variation. This proves (19).
(ii) implies (iii). From v = vt — v~ and Proposition 11, we get (20).

(iii) implies (i). It is easy to check that the Choquet functional V' : L — R defined by (20) is comonotonic
additive, of bounded variation, and inner continuous since it is difference of functionals sharing these prop-

erties.

A suitable modification of the arguments used to prove uniqueness in Theorem 13 shows that v is unique
even in this case. [

5 Two Special Cases

In this section we show what form Theorem 13 takes in the two classic comonotonic Stone lattices of Examples
3 and 4, that is, B (X) and C (S). In so doing, we both illustrate the unifying power of Theorem 13 and

generalize two classic integral representation results.

We begin with the collection B (X)) of measurable functions. An early version of this result was stated in
[15] without any continuity assumption on V.

Corollary 18 Let V : B(X) — R be a functional. The following conditions are equivalent:
(i) V is comonotonic additive, of bounded variation, and outer (resp., inner) continuous;

(ii) there exists an outer (resp., inner) continuous set function v € bv (X) such that

V() =Ve(f) (resp, =Vic(f))  VfeB(X); (21)
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(iii) there exist two outer (resp., inner) continuous capacities v* and v* over X such that
V() =V () =VE(f) (resp., =V (f)=Ve(f) VfeB(®).
The unique v that satisfies (21) is given by v (A) =V (14).

Proof. The result follows from Theorem 13 (resp., Proposition 17) since ¥ = ¥p(x) (resp., = 235’(2))7 as
observed in Example 3. |

Remark. Rébillé [16] proves a version of Corollary 18 where he does not assume bounded variation and,
as a result, the right hand side of (21) is a Lebesgue integral (without bounded variation the function

¢ (t) = v (f > t) may not be Riemann integrable).

Endow now S with a topology and consider the classic Stone vector lattice C (S) of bounded continuous
functions. When S is compact, Theorem 13 takes the following stark form, where thank to Dini’s Theorem

we no longer need to require the outer continuity of V.

Corollary 19 Let V : C(S) — R be a functional where S is a compact topological space. The following

conditions are equivalent:
(i) V is comonotonic additive and of bounded variation;

(ii) there exists a unique outer continuous set function v € bv (X1) such that

0

vin= [ vizoar [ pizo-v©le  vreo): )

(iii) there exist two outer continuous capacities v' and v? over ¥, such that
V=V -VEW)  YfeC(S).

Proof. Let V' be comonotonic additive and of bounded variation. By Lemma 14, it is Lipschitz continuous.
Suppose {f,}, C C(S) is such that f,, | f € C'(S). By Dini’s Theorem (see, e.g., [1, p. 54]), ||fn — f|| — 0,
so that lim, V (f,) = V (f). This shows that V is outer continuous. In view of this observation, the result

now follows from Theorem 13. [ |

6 A Daniell-Stone Theorem for Comonotonic Additive Function-

als

In this section we assume that L is a Stone vector lattice. Since L is endowed with the supnorm, L is a
normed vector space and we denote by L* the norm dual of L. It follows that L* endowed with the dual
norm ||-||, is an AL-space (see, e.g., [3, Theorem 4.1] and [2, Theorem 3.38]).!* We denote by A the smallest
o-algebra such that each function in L is measurable. It is immediate to see that A = o (X)) = o (ZL).
We denote by ca (A) the class of set functions on A that are countably additive and bounded on A. We

endow ca (A) with the total variation norm, ||| Notice that (ca (A), [||l,,,) is a normed Riesz space,

var”

particularly, it is an L-space (see, e.g., [1, Theorem 10.56]). Finally, we define L’ C L* to be such that

L= {IeL*:liTILnI(fn):Oiffnl()}.

10Recall that for each I € L* we have that ||I||, = sup {|I (f)|: |fll <1} = sup{|I(f)|: -1 < f < 1}. Moreover, if I > 0
then ||I]], = I(1).
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Proposition 20 L' is a Riesz subspace of L*.

Proof. By definition of L', it is immediate to see that L’ is a vector subspace of L*. We are just left to
show that L’ is a lattice as well. Notice that for each I € L’ and for each f € L, we have that

I (f)=sup{l(9): 0<g < f}>0. (23)

Consider {f,},,cy € L+ such that f,, | 0. For each n € N define g,, € L to be such that I (g,) + 2 > I (f,)

and 0 < g, < f,. By (23) and since I € L' and g,, | 0, we have that
1
0 < liminf It (f,) <limsupI" (f,) < lim {I(gn) + } =0.
n n n n

It follows that I belongs to L/, provided I € L’. Given the equality I = IT™ — I~ and since L’ is a vector
space, we have that I~ belongs to L’ as well. Hence, we can conclude that |I| € L’ and that L’ is a Riesz
subspace of L*. |

Given a functional V' : L — R, we say that V is (bounded) pointwise continuous at f € L if and only if
V(fn) — V (f) whenever f, (s) — f(s) for all s € S and {f,},, is uniformly bounded. We say that V is
pointwise continuous if and only if V' is pointwise continuous at each f € L. Notice that if V is pointwise
continuous then it is inner and outer continuous. Moreover, V is pointwise continuous at 0 if and only if V/
is.

In the theory of integration, elements in L/ are usually called Daniell integrals (see, e.g., [17, Chapter
16]). By the celebrated Daniell-Stone theorem, they turn out to be pointwise continuous.

Theorem 21 (Daniell-Stone) Let V : L — R be a functional defined on a Stone vector lattice. The
following conditions are equivalent:

(i) V is monotone, linear, and pointwise continuous;
(i) V is monotone, linear, and pointwise continuous at 0;
(ii) V is monotone, linear, and outer continuous at 0;

(iv) there exists a unique p € cay (A) such that

V(f)=/fdu vieL.

In this section, we propose a generalization of the Daniell-Stone theorem in which linearity is replaced
by comonotonic additivity and supermodularity, while monotonicity is replaced by bounded variation. This
is the second main result of the paper.

Theorem 22 Let V : L — R be a functional defined on a Stone vector lattice. The following conditions are

equivalent:

(i) V is comonotonic additive, supermodular, pointwise continuous, and of bounded variation;

(ii) V is comonotonic additive, supermodular, pointwise continuous at 0, and of bounded variation;
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(i11) there exists a unique continuous and supermodular v € bv (A) such that
vV (f) :/fdz/ Vfe L.

Moreover, V' is monotone if and only if v is a capacity.

As before, we prove few ancillary lemmas before proving the main theorem. First observe that, by the

Daniell-Stone theorem, for each I € L/, there exists a unique element j; € cay (A) such that

I(f):/fdm vf e L. (24)

Define the map S': L, — ca4 (A) to be such that I +— p;. Moreover, without loss of generality, define by S
the map from L’ to ca (A) such that

g(I)zS(F“)—S(I‘) VIiel.
Lemma 23 Let S and S be defined as above. The following statements are true:
1. S is well defined, additive, and bijective;
2. S is a lattice isomorphism;
3. S is an isometry;
4. S is continuous when L' and ca (A) are endowed with their respective weak topologies.

Proof. 1. By the Daniell-Stone theorem, it follows that S is well defined. Consider Iy, € L . With the
previous notation, it follows that

/ fdpn i, = (I + 1) () = I () + I (£)
:/fdMH +/fd/1412 :/fd(uh +/1412) vaL

By the uniqueness part of the Daniell-Stone theorem, it follows that S (I + I3) = pir,+1, = pr, + pr, =
S (I1) + S (I3). The fact that S is injective follows easily from (24). The fact that S is surjective follows
from the uniqueness part of the Daniell-Stone theorem and the the fact that each p € cay (A) induces a

linear, monotone, and outer continuous functional on L.

2. Since (ca(A) ) is a Banach lattice and by [1, Theorem 8.43|, we have that (ca (A), ||l 4
is an Archimedean Riesz space. Since ca (A) is an Archimedean Riesz space, L’ is a Riesz space, and by

Alloar

point 1. and the Kantorovich theorem (see, e.g., [3, Theorem 1.10]), it follows that S admits a unique
extension to a positive operator from L’ to ca (A). Moreover, this extension is S. For each I € L’ define
pur = S(I) € ca(A). From the previous part of the proof and the definition of S, it follows that for each
Iekl

1(f) :/fduz vieL.

This implies that S (1) = 0 only if I = 0. It follows that S is injective. On the other hand, take p € ca (A).
Define I; = S~ (uT) and Iy = S~ (™). Notice that I = I; — Iy € L. Since S is linear and S is bijective,
it follows that

SU)=S(Ii—L)=8(L)-S(L)=8(L)-SL)=p" —p =p,

proving that S is surjective. Finally, observe that if u € cay (A) then (5’)71 (1) = (9) " (n) € L', . It follows
that S and its inverse are positive operators. By [3, Theorem 2.15], it follows that S is a lattice isomorphism.
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3. First, notice that if ;1 € cay (A) then we have that |||, = (S). It follows that
1S Dy = N1l oy = 11 ($) =T ) =|II|l, VI €L, (25)

Finally, since (L', |-||,) is a normed Riesz space, we have that I = IT —1—, |I| =I"+1~, and ||I|, = |||]|,
for all I € L'. Since S is a lattice isomorphism and by (25), we have that

1S Do = 1S DIl = 1S WD, = WML = I, VI €L,

proving the statement.

4. Since S is a linear isometry, S is norm continuous. By [1, Theorem 6.17], it follows that S is weakly
continuous. |

Lemma 24 Let V : L — R be a comonotonic additive and supermodular functional of bounded variation

defined on a Stone vector lattice. The following conditions are equivalent:
(i) V is pointwise continuous;
(ii) V is pointwise continuous at 0;
(7ii) there exists a unique convex and weak compact set C C L' such that I (1) =V (1) for all I € C' and

V() =minl(f) Vfel

(iv) there exists a unique conver and weak compact set D C ca (A) such that p(S) =V (1) for all p € D
and

V(f):gleig/fdu Vf e L.

Proof. Since V' is a comonotonic additive and supermodular functional of bounded variation, we have that
V' is translation invariant, positively homogeneous, and Lipschitz continuous.

Claim 1 V is superlinear.

Proof of the Claim. We here present the argument when V is further monotone. The proof when V is

just of bounded variation follows again by routine but significantly longer arguments.
Consider the real valued extension of V' to B (A) defined by

frosap{V(g): f>g}.

It is immediate to see that this functional is well defined and coincides to V on L. Moreover, it is translation
invariant, positively homogeneous, supermodular, and Lipschitz continuous. By [14, Lemma 9], it follows
that this extension is superlinear on the positive cone of B (A). By translation invariance, it follows that

the extension is superlinear on the entire space B (A). It follows that V is superlinear on L. O
(i) implies (ii). It is obvious.
(ii) implies (iii). By [11] and since V is translation invariant and superlinear, it follows that there exists
a unique convex and weak* compact set C' C L* such that I (1) =V (1) for all I € C and

V() =minI(f) VfeL.

Notice that V (f) = maxjec I (f) for all f € L. Next, we show that C C L’. Consider a sequence {f,}, C L
such that f,, | 0. It follows that

V(f)<I(f)<V(fs) VneNNVIeC. (26)
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Since V is pointwise continuous at 0 and passing to the limit, it follows that
0=1lmV (f,) <lmI(f,) <lmV (f,)=0
n n n

This implies that C C L'. Finally, we are left to show that C' is weak compact. Consider an order disjoint

bounded sequence {f,} C L,. It is immediate to see that f,, — 0. By (26), it follows that

neN

sup [ (fo)] <max{V (fn).V (fa), =V (fn),-V (fn)}  VYneN.

Since V' is pointwise continuous at 0, it follows that lim,, (sup;¢q |1 (fn)|) = 0. By using the same arguments

contained in the proof of [3, Theorem 4.41], it follows that C' is weak compact.

(iii) implies (iv). Given the set C, it is enough to define D = S (C). By Lemma 23, it follows that
D C ca(A) is a convex and weak compact set such that u(S) = V (1) for all p € D. Uniqueness follows

from a standard separation argument.

(iv) implies (i). Define V : B(A) — R by

V —mm/fd,u Vi e B(A).

neD

It is immediate to see that V| L, = V. Since D is a weak compact subset of ca (A), it follows that V is
pointwise continuous. Hence, V' is pointwise continuous. |

Proof of Theorem 22. (i) implies (ii). It is trivial.

(ii) implies (iii). By Lemma 24, we have that V is even inner and outer continuous. Moreover, there

exists a weak compact set D C ca (A) such that

V(f) :L%%/fdu VfelL. (27)

Define v : A — R by v(A) = min,ep p(A) for all A € A. It is not hard to show that v is an exact
set function, that is, core{v} = D. By [13], it follows that v is an inner and outer continuous bounded
set function. On the other hand, by Theorem 13 and its proof, we have that there exists a unique outer

continuous set function n € bv (1) such that

V(f>=/0°°n<f2t>dt+/ m(f >t -n(S)dt VfeL.

Moreover, for each E € X, there exists {f,},, € L such that f, | 1g and lim, V (f,) = n(E). It follows
that

n(E) = hmV (fn) = mln/fndu mmu (E) =v(E) VE € ¥r. (28)

Next, define V : B (A) — R by
f):/fdu Vf € B(A).

Since v is a continuous and bounded set function, it is easy to show that V is a well defined functional (see,
e.g., [16, Corollary 2.2]). Define L = {f € B(A):V(f) =min,ep ffdu}. By (27) and (28), we have that

V(f):V(f)—lr}gn/fdu vieL.

It follows that L C L. Next, consider {f,}, C L such that {f,}, is bounded and f,, | f (vesp., fn 1 f).
Since v is outer (resp., inner) continuous and D is convex and weak compact, it is immediate to see that

V(f) =1lmV (fy) =lim <ggg / fndu> = min / fp.
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By [6, Theorem 22.3], it follows that L = B (A). By [13, Theorem 4.7], this implies that v is supermodular,

proving the statement.

We are left to prove uniqueness. Consider two continuous supermodular set functions vy, vs € bv (A) such
that V (f) = [ fdv; for all f € L and for all i € {1,2}. For each i € {1,2} define Vi to be the the functional
from B (A) to R such that V; (f) = [ fdv; for all f € B(A). By [13, Theorem 4.7], for each i € {1,2} there

exists a convex and weak compact set D; C ca (A) such that
V: (/) = min /fdu Ve B(A).
neED;

In particular, notice that v; (A) = min,ep, p(A) for all A € A and for all ¢ € {1,2}.
Define C; = S~1(D;) for all i € {1,2}. By Lemma 23, we have that C; is a weak compact and convex
subset of L'. Since V; (f) =V (f) for all f € L and for all i € {1,2}, it follows that for each i € {1,2}

VH=minI(f) VieL

By Lemma 24, it follows that C; = Cy. By Lemma 23, we have that D; = S (C;) = S (Cy) = Ds, proving

that v1 = vs.
(iii) implies (i). It follows from routine arguments.

Finally, if v is a capacity trivially V is monotone. Viceversa, since S is a positive operator, if V is
monotone then D is a subset of cay (A) since C' in Lemma 24 can be chosen to be a subset of L’ . This

implies that v is a capacity. |
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